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σ(x, t) =
∫
B
φ(|x′ −x|)C(x′) : ε(x′, t)dVx′, x ∈ B

B σ(x, t) t x ε(x′, t) t x′

C(x′) x′ |x′ −x| φ(|x′ −x|)
x′ x



ṗe f f = ∇x σe f f +b

σe f f = Ce f f ◦εH +Se f f ◦ u̇H +C0 : εH

pe f f = De f f ◦εH +ρe f f ◦ u̇H +ρ0u̇H

◦ b uH εH

σe f f pe f f C0 ρ0

Ce f f Se f f De f f ρe f f

Se f f De f f

Ce f f Se f f De f f

ρe f f

ρ ü(x, t) =
∫
B
Φ(x′,x) u(x′, t)dVx′ +b(x, t), x ∈ B

ρ Φ(x′,x) Φ(x′,x) =Φ(x,x′)



t B ∈ R
3

x ∈ B H� x′ f(x′,x,u(x′, t),u(x, t))

ρ ü(x, t) =
∫
H�

f(x,x′,u(x, t),u(x′, t))dVx′ +b(x, t), x ∈ B

H� := {x′ ∈ B : 0 < |x′ −x| ≤ �} � � > 0 �

f

2 f

f

f(x′ −x,u(x′, t)−u(x′, t))

f(η,ξ) =
ξ+η

|ξ+η|μ(ξ, t)
9K
π�4 e−

|ξ|2
�2 (s−αθ)

ξ = x′ −x η = u(x′, t)−u(x, t) K α θ

s

s =
|ξ+η|− |η|

|ξ|
s0

μ(ξ, t)

μ(ξ, t) =

⎧⎪⎨
⎪⎩

1, s−αθ < s0

0, otherwise



f(η,ξ) =C(ξ) η

ν = 1/4 ν = 1/3

ν = 1/4

f





σ(x, t) = C(x) :
(
ε(x, t)− �2∇2ε(x, t)

)
, x ∈ B

σ(x, t)− �2∇2σ(x, t) = C(x) : ε(x, t), x ∈ B
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x

B
uH(x, t) :=

1
V

∫
V

u(x;ξ, t)dVξ, ∀x ∈ B, ∀ξ ∈ V

V V uH(x, t)

x ξi (i = 1,2,3)

ξ u(x;ξ, t) ξ

x u(x;ξ, t)

ũ(x;ξ, t)

u(x;ξ, t) = uH(x, t)+ ũ(x;ξ, t)

ũ(x;ξ, t) =

⎧⎨
⎩ ũI(x;ξ, t), ξ ∈ VI

ũM(x;ξ, t), ξ ∈ VM

VI VM

∫
V

ũ(x;ξ, t)dVξ = 0

uH(x, t)

d
dt

∫
B

p̄(x, t)dVx =

∫
B

b̄(x, t)dVx +

∫
B

t̄N(x, t)dSx, ∀x ∈ B

b̄ p̄ x t̄N N

t̄N = σ̄ N σ̄ x

x



x p̄

p̄(x, t) =
1
V

∫
V
ρ(x;ξ)v(x;ξ, t)dVξ

x

b̄(x, t) =
1
V

∫
V

b(x;ξ, t)dVξ, σ̄(x, t) =
1
V

∫
V
σ(x;ξ, t)dVξ

d
dt

∫
B

∫
V
ρ(x;ξ)v(x;ξ, t)dVξdVx =

∫
B

∫
V
[∇x σ(x;ξ, t)]dVξdVx +

∫
B

∫
V

b(x;ξ, t)dVξdVx

ρ(x;ξ) ξ

ρ(x;ξ)ü(x;ξ, t) = ∇x σ(x;ξ, t)+b(x;ξ, t)

σ u

σ = C(x;ξ) :
(
∇s

xu+∇s
ξu
)

C(x;ξ) ∇s
x ∇s

ξ x ξ

ρ(x;ξ)ü(x;ξ, t) = ∇x [C(x;ξ):∇s
xu(x;ξ, t)]+∇x

[
C(x;ξ):∇s

ξu(x;ξ, t)
]
+b(x;ξ, t)

1
V

∫
V
(ρ(x;ξ)ü(x;ξ, t))dVξ =

1
V
∇x

∫
V
[C(x;ξ) :∇s

xu(x;ξ, t)]dVξ+
1
V

∫
V

b(x;ξ, t)dVξ

+
1
V
∇x

∫
V

[
C(x;ξ) :∇s

ξu(x;ξ, t)
]

dVξ

∇x

∫
V
[C(x;ξ):ε̂(x;ξ, t)]dVξ≈

∫
V
∇ξ [C(x;ξ):ε̂(x;ξ, t)]dVξ=

∫
S
[C(x;ξ):ε̂(x;ξ, t)] nSdSξ

ε̂ = ∇s
ξu = ∇s

ξũ nS S ξ

C(x;ξ) : ε̂(x;ξ, t)

〈ρ〉üH(x, t)+(ρI −〈ρ〉)φ̈(x, t) = ∇x [〈C〉:∇s
xuH(x, t)+(CI −〈C〉):∇s

xφ(x, t)]+ 〈b〉



〈〉 〈ρ〉 〈C〉 〈b〉

〈ρ〉= ρIVI +ρMVM

V
, 〈C〉= CIVI +CMVM

V
, 〈b〉= 〈b〉IVI + 〈b〉MVM

V

〈〉I 〈〉M ρI ρM

CI CM φ(x, t)

φ(x, t) :=− 1
VM

∫
VM

ũM(x;ξ, t)dVM

uH(x, t) φ(x, t) uH(x, t)

φ(x, t)

ρMφ̈(x, t)−∇x [CM : ∇s
xφ(x, t)]+ψ = ρMüH(x, t)−∇x [CM : ∇s

xuH(x, t)]−〈b〉M

ψ =
1

VM

∫
VM

∇x

[
CM : ∇s

ξu(x;ξ, t)
]

dVξ

ψ ≈ −∇x [CM : ∇s
xφ(x, t)]

φ(x, t) uH(x, t) φ(x, t)

φ(x, t) = [ρMüH(x, t)−∇x [CM : ∇s
xuH(x, t)]−〈b〉M]∗gu

gu ∗

A∗B =

∫ t

0

∫
Rn

A(x−x′, t − τ) B(x′,τ)dVx′dτ =
∫ t

0

∫
Rn

A(x′,τ) B(x−x′, t − τ)dVx′dτ

A B R
n n n = 1,2,3

φ(x, t) uH(x, t)

ρIüH(x, t)+(〈ρ〉−ρI)üH ∗Gu =∇x {CI : ∇s
xuH(x, t)+ [(〈C〉−CI) : ∇s

xuH ]∗Gu}
+ 〈b〉−

{
(〈ρ〉−ρI) ¨〈b〉I −∇x [(〈C〉−CI) : ∇s

x〈b〉I]
}
∗gu

Gu = −∇x [CM : ∇s
xgu(x, t)]

ṗe f f = ∇x σe f f +be f f

σe f f = CI : εH +[(〈C〉−CI) : εH ]∗Gu



pe f f = ρIu̇H +(〈ρ〉−ρI) u̇H ∗Gu

be f f = 〈b〉−
{
(〈ρ〉−ρI) ¨〈b〉I −∇x [(〈C〉−CI) : ∇s

x〈b〉I]
}
∗gu

σe f f σe f f = σ
T
e f f εH = ∇s

xuH(x, t)

ρIüI(x;ξ, t) = b(x;ξ, t)

uH

σe f f =

[
VM

V
CM : εH

]
∗Gu

pe f f = ρIu̇H +(〈ρ〉−ρI) u̇H ∗Gu

be f f = 〈b〉−
{
(〈ρ〉−ρI) ¨〈b〉I −∇x

[
VM

V
CM : ∇s

x〈b〉I

]}
∗gu

ρI = 0 CI = 0 uH

ρI = 0

ρI = 0 CI = 0



ũM(x;ξ, t) = H(ξ) w(x, t) H(ξ) w(x, t)

ψ =− 1
VM

∫
VM

∇ξ

[
CM : ∇s

ξφ(x, t)
]

dVM = β φ(x, t)

β

β =

[∫
VM

∇ξ

[
CM : ∇s

ξH(ξ)
]

dVM

] [
−
∫
VM

H(ξ)dVM

]−1

C−1
M : β −2

�c ≡
√

3/ ‖ C−1
M : β ‖F

‖‖F

gu

Gu = β gu

Gu = β gu(
ρIs2I+(〈ρ〉−ρI)s2J {Gu}

)
J {uH}= J {LI[uH ]}+J {(LC −LI)[uH ]} J {Gu}

LI LC LI[uH ] =∇x [CI :∇s
xuH ] LC[uH ] =∇x [〈C〉 :∇s

xuH ]

J J {u}= L {F {u}} F L

J {LI[uH ]}=−QI(k) J {uH}
J {(LC −LI)[uH ]}=−(Q(k)−QI(k)) J {uH}

QI(k) Q(k) LI LC

[(
ρIs2I+QI(k)

)
[J {Gu}]−1 +(〈ρ〉−ρI)s2I+Q(k)−QI(k)

]
J {Gu} J {uH}= 0



J {Gu}

J {Gu}=β
[
QM(k)+ρMs2I+β

]−1
, [J {Gu}]−1 =

(
QM(k)+ρMs2I

)
β−1+I

J {Gu}
[〈ρ〉s2I+Q+(ρMs2I+QM) (ρIs2I+QI) β

−1] J {uH}= 0

Gu ∗
{〈ρ〉uHtt +LC[uH ]+ (ρMρIuHtttt +ρILM[uHtt ]+ρMLI[uHtt ]+LI [LM[uH ]]) β

−1}= 0

t

Gu

〈ρ〉uHtt +LC[uH ]+ (ρMρIuHtttt +ρILM[uHtt ]+ρMLI[uHtt ]+LI [LM[uH ]]) β
−1 = 0

β

⎛
⎝σe f f

pe f f

⎞
⎠=

⎛
⎝C‡

e f f S‡
e f f

D‡
e f f ρ‡

e f f

⎞
⎠∗

⎛
⎝εH

u̇H

⎞
⎠+

⎛
⎝〈C〉 0

0 〈ρ〉I

⎞
⎠

⎛
⎝εH

u̇H

⎞
⎠

C‡
e f f =−(CI −〈C〉) : (∇x [CM : ∇s

xgu])

ρ‡
e f f = (ρI −〈ρ〉)ρMg̈u

S‡
e f f =−D‡

e f f =
1
2
[(ρI −〈ρ〉)CM +ρM (CI −〈C〉)] : ∇s

xġu

〈C〉= CI 〈ρ〉= ρI



ψ φ

∇x [CM : ∇s
xφ(x, t)]−β φ= ∇x [CM : ∇s

xuH(x, t)]+ 〈b〉M

σef f =CI : εH +

∫
Rn

[
(〈C〉−CI) : εH(x′, t)

]
Gu(x−x′)dVx′

pef f =ρIu̇H +

∫
Rn

(〈ρ〉−ρI) u̇H(x′, t) Gu(x−x′)dVx′

bef f =〈b〉−
∫
Rn

{
(〈ρ〉−ρI) ¨〈b〉I −∇x [(〈C〉−CI) : ∇s

x〈b〉I]
}

gu(x−x′)dVx′

Gu = β gu gu

pe f f = [ρII+(〈ρ〉−ρI)AG] u̇H +

∫
Rn

(〈ρ〉−ρI)Gu(x−x′)
(
u̇H(x′, t)− u̇H(x, t)

)
dVx′

AG =
∫
Rn Gu(x− x′)dVx′

ρI = ρM = 〈ρ〉=: ρ

pe f f = ρu̇H



�c β

Gu σef f σef f =〈C〉 : εH

σef f

σef f =

∫
Rn

[〈C〉 : εH(x′, t)
]

Gu(x−x′)dVx′

ρI = ρM = 〈ρ〉=: ρ

rI rM

EI EM ρI ρM

σM
r
∣∣
r=rM

= 0, σz|z=±L = σ0(t), τM
rz

∣∣∣
r=rM

= 0

σr σz τrz

σM
r
∣∣
r=rI ,−L≤z≤L = σ I

r
∣∣
r=rI ,−L≤z≤L , τ

M
rz
∣∣
r=rI ,−L≤z≤L = τ I

rz
∣∣
r=rI ,−L≤z≤L



z

AM ∫
AM

∂σM
z

∂ z
dA+

∫
AM

1
r
∂
∂ r

(rτM
rz )dA =

∫
AM

ρMüMdA

σM
z um z σ̄M

τM
rz |r=0 = 0

∂ σ̄M
z

∂ z
=

2rI

r2
M − r2

I
τi +

1
AM

∫
AM

ρMüMdA

τi = τM
rz |r=rM

∂σM
z

∂ z
= g(z, t)

g(z, t) r rM

τM
rz =

1
2

(
r2

M
r
− r

)
g(z, t)− 1

2πr

∫
ArM−r

ρMüMdA

ArM−r r rM

τM
rz =

rI

r2
M − r2

I

(
r2

M
r
− r

)
τi +

ArM−r

2πr

[
1

AM

∫
AM

ρMüMdA− 1
ArM−r

∫
ArM−r

ρMüMdA

]

rI

r2
M − r2

I

(
r2

M
r
− r

)
τi = μM

∂uM

∂ r



μM r rI rM

τi = μM
r2

M − r2
I

rI

(uM |r=rM −uM |r=rI )

r2
M ln

(
rM
rI

)
− 1

2

(
r2

M − r2
I
)

r rI r

uM(r,z, t) = uM|r=rI
+

r2
M ln

(
r
rI

)
− 1

2

(
r2 − r2

I
)

r2
M ln

(
rM
rI

)
− 1

2

(
r2

M − r2
I
) (uM |r=rM −uM |r=rI )

uM|r=rI
= uI|r=rI

EI 
 EM r uI(r,z) = uI(z)

uM(r,z, t) = uI(z, t)+h(r)Wu(z, t)

h(r) =
r2

M ln
(

r
rI

)
− 1

2

(
r2 − r2

I
)

r2
M ln

(
rM
rI

)
− 1

2

(
r2

M − r2
I
) , Wu(z, t) = uM(r,z, t) |r=rM −uI(z, t)

uI(r,z, t) = uH(z, t)−φhWu(z, t), uM(r,z, t) = uH(z, t)+(h(r)−φh)Wu(z, t)

φh =
1

AI+AM

∫
AM

h(r)dAM

ρMüH(z, t)+ γρ üH ∗Gu = EMu′′H(z, t)+ γEu′′H ∗Gu +b(z, t)

′ z γρ = 〈ρ〉−ρM γE = 〈E〉−EM Gu = μMβ 2
h gu/EI

βh gu

AIEIu′′I (z, t)+2πrIμMh′(rI)Wu(z, t) = AIρI üI(z, t)

uI Wu(z)

1
c2

I
Ẅu(z, t)−W ′′

u (z, t)+
μMβ 2

h
EI

Wu(z, t) =
1
φh

(
1
c2

I
üH −u′′H

)



cI =
√

EI/ρI

βh =

√
2πrIh′(rI)

φhAI

gu

gu(z, t) =
�u

2tu
J0

(√(
t2

t2
u
− z2

�2
u

))
,

∣∣∣∣ z
�u

∣∣∣∣<
∣∣∣∣ t
tu

∣∣∣∣
�u =

√
EI/(μMβ 2

h ) tu = �u/cI βh gu

σe f f = 〈E〉u′H(z, t)+ γEβ 2
u

∫ +∞

−∞
gu(z− z0)(u′H(z0, t0)−u′H(z, t))dz0

pe f f = 〈ρ〉u̇H(z, t)+ γρβ 2
u

∫ +∞

−∞
gu(z− z0)(u̇H(z0, t0)− u̇H(z, t))dz0

βu = 1/�u gu(z− z0) =
1

2βu
e−βu|z−z0|

δ (z) ≈ ς2gς (z) gς (z) = 1
2ς e−ς |z|

〈ρ〉üH(z, t)+ γρβ 2
u

∫ +∞

−∞
gu(z− z0)(üH(z0, t0)− üH(z, t))dz0

=

∫ +∞

−∞

[
γEβ 4

u gu +EMς4gς
]
[uH(z0, t0)−uH(z, t)]dz0 +b(z, t)

ρI = ρm = ρ

ρ üH(z, t) =
∫ +∞

−∞

[
γEβ 4

u gu +EMς4gς
]
[uH(z0, t0)−uH(z, t)]dz0 +b(z, t)

δ (z)δ (t) ≈ Gς Gς Gu Gu βh = ς

Gς δ (z)δ (t) ≈ Gς



∫ t

0

∫ +∞

−∞

[
γρG̈u +ρMG̈ς

]
uH(z0, t0)dz0dt0 =

∫ t

0

∫ +∞

−∞

[
γEG′′

u +EMG′′
ς

]
uH(z0, t0)dz0dt0 +b(z, t)

Gu = β gu uH(x, t) = U0ei(k x±ω(k)t)

∣∣(Q−〈ρ〉ω2I)+(QI −ρIω2I) (QM −ρMω2I) β−1∣∣= 0

U0 k ω Q QI

QM k k

ω β

H H

H(ξ) = h(ξ)I

∣∣∣∣(Q−〈ρ〉ω2I)+
�2

c
λM +2μM

(QI −ρIω2I)(QM −ρMω2I)
∣∣∣∣= 0

QM(k) = QM
‖ nk ⊗nk +QM

⊥Pnk = (λM +2μM)k2nk ⊗nk +μMk2Pnk

QI(k) = QI
‖nk ⊗nk +QI

⊥Pnk = (λI +2μI)k2nk ⊗nk +μIk2Pnk

Q(k) = Q‖nk ⊗nk +Q⊥Pnk = (〈λ 〉+2〈μ〉)k2nk ⊗nk + 〈μ〉k2Pnk



k = |k| nk = k/k Pnk = I−nk ⊗nk λ μ

|Ξ−ΛI|=−(Λ−Ξ‖)(Λ−Ξ⊥)2 = 0

Λ= 〈ρ〉ω2 − ρIρM�2
c

λM+2μM
ω4 Ξ= Ξ‖nk ⊗nk +Ξ⊥Pnk

Ξ‖ = Q‖+
�2

c
(λM +2μM)

(QI
‖QM

‖ −ρMQI
‖ω

2 −ρIQM
‖ ω

2)

Ξ⊥ = Q⊥+
�2

c
(λM +2μM)

(QI
⊥QM

⊥ −ρMQI
⊥ω

2 −ρIQM
⊥ω

2)

Ξ Λ= Ξ‖ Λ= Ξ⊥ Λ

ω4

Λ= Ξ‖ k

ω±
L

ω4
L −

[
(c2

pI + c2
pM)k2 + c2

pM
〈ρ〉
ρI�2

c

]
ω2

L + c2
pIc

2
pMk4 + c2

pM
〈λ 〉+2〈μ〉

ρI�2
c

k2 = 0

cpI =
√
(λI +2μI)/ρI cpM =

√
(λM +2μM)/ρM

Λ= Ξ⊥ nk

ω±
T

ω4
T −

[
(c2

sI + c2
sM)k2 + c2

pM
〈ρ〉
ρI�2

c

]
ω2

T + c2
sIc

2
sMk4 + c2

pM
〈μ〉
ρI�2

c
k2 = 0

csI =
√
μI/ρI csM =

√
μM/ρM

k = �ck ω = tcω tc = �c/cpI VI =VM ρI = ρM

k = 0

ω+
L ω+

T ωc
L = ωc

T =
√

(〈ρ〉c2
pM)/(ρMc2

pI)

ω−
L ω−

T

ω = c̄pk ω = c̄sk c̄p =
√

(〈λ 〉+2〈μ〉)/〈ρ〉 c̄s =
√〈μ〉/〈ρ〉

k 
 1

ω+
L
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μI/μM = λI/λM = 0.1 μI/μM = λI/λM = 10
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μI/μM = λI/λM = 0.1 μI/μM = λI/λM = 10



ω+
T ω = cpMk ω = csMk ω−

L

ω−
T ω = cpIk ω = csIk

ω+
L ω+

T

ω = cpIk ω = csIk ω−
L ω−

T

ω = cpMk ω = csMk k 
 1

ω2 = c̄2
ek2 + t2

e (ω2 − c2
eIk

2)(ω2 − c2
eMk2)

t2
e = ρIt2

c /〈ρ〉 ω ωL ωT ω ωL c̄e = c̄p ceI = cpI ceM = cpM

ω ωT c̄e = c̄s ceI = csI ceM = csM c̄2
e t2

c

ωspace
L = k

√
c2

pIρI�2
ck2 + 〈λ 〉+2〈μ〉
ρI�2

ck2 + 〈ρ〉 , ωspace
T = k

√√√√c2
sMc2

sIρI�2
ck2/c2

pM + 〈μ〉
c2

sMρI�2
ck2/c2

pM + 〈ρ〉
ρI = ρM VI =VM ρI = ρM

ωspace
L ωspace

T

k = 0 ωspace
L ωspace

T ω = c̄pk

ω = c̄sk k 
 1 ωspace
L ωspace

T

ω±
STPD ceI c̄e ceM te cI

c̄ =
√〈E〉/〈ρ〉

cAM =

√
Ē +(ς2/β 2

u −1)EM

〈ρ〉+(ς2/β 2
u −1)ρM

, tAc =

√
〈ρ〉+(ς2/β 2

u −1)ρM

〈ρ〉 t0
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ς/βu = 5, ρI/ρM = 4 ς/βu = 5, ρI/ρM = 1



ωKPD =

√
k2

ρMk2 + 〈ρ〉β 2
u

(
γEβ 2

u +
EMς2(k2 +β 2

u )

k2 + ς2

)

ρI = ρM ωPD

k = �uk ω = tuω

k → +∞ cI

cAM

k →+∞

lim
k→+∞

ω+
STPD = cIk, lim

k→+∞
ω−

STPD = cAMk, lim
k→+∞

ωKPD = lim
k→+∞

ωPD =
√

(γEβ 2
u +EMς2)/ρM

ς2/β 2
u →+∞ ωKPD ωPD

uH(x,0) = U0 cos(k0 x) u̇H(x,0) = 0

uH(x, t) =Φ U0 cos(k0 x)

Φ=Φ‖nk0 ⊗nk0 +Φ⊥Pnk0
Φ‖ Φ⊥

Φ‖ =
ω2

Lo − c2
pMk2

0

ω2
Lo −ω2

La
cos(ωLat)− ω2

La − c2
pMk2

0

ω2
Lo −ω2

La
cos(ωLot)

Φ⊥ =
ω2

To − c2
sMk2

0

ω2
To −ω2

Ta
cos(ωTat)− ω2

Ta − c2
sMk2

0

ω2
To −ω2

Ta
cos(ωTot)

k0 = |k0| ωLo =ω+
L (k0) ωLa =ω−

L (k0) ωTo =ω+
T (k0) ωTa =ω−

T (k0) nk0 = k0/k0

Pnk0
= I−nk0 ⊗nk0



Φ‖ Φ⊥

Φ‖ =
ω2

Lo

ω2
Lo −ω2

La
cos(ωLat)− ω2

La

ω2
Lo −ω2

La
cos(ωLot)

Φ⊥ =
ω2

To

ω2
To −ω2

Ta
cos(ωTat)− ω2

Ta

ω2
To −ω2

Ta
cos(ωTot)

Φ‖ Φ⊥

Φ‖ = cos(ωL(k0)t), Φ⊥ = cos(ωT (k0)t)

ωL(k0) ωT (k0)

2π/k0 Φ



Φ‖ Φ⊥
Φ‖ ρI/ρM = 4 λI/λM = μI/μM = 10

VI =VM x x t

�c tc

x

1/vp

vp

k/ωLa k/ωLo ωLo > ωLa



u CC,S,D,B

u �−→ −∇ [C(x) : ∇su(x, t)+S(x) u(x, t)]+D(x) : ∇su(x, t)+B(x) u(x, t)

C S D B

x′ = x′(x) u′(x′) = (AT )−1u(x) Ai j :=
∂x′i
∂x j

x �→ x′(x) Ω Ω′

u′ �−→−∇′ [
C′(x′) : ∇′su′(x′, t)+S′(x′) u′(x′, t)

]
+D′(x′) : ∇′su′(x′, t)+B′(x′) u′(x′, t)

C′,S′,D′,B′ C,S,D,B

C′
pqrs(x

′) := a−1ApiAq jArkAslCi jkl

S′pqr(x
′) :=

1
2

a−1ApiAq j(Ark,l +Arl,k)Ci jkl +a−1ApiAq jArkSi jk

D′
pqr(x

′) := a−1Api, jAqkArlCi jkl +a−1ApiAq jArkDi jk

B′
pq(x

′) :=
1
2

a−1(Api, j +Ap j,i)Aqk,lCi jkl +a−1Api, jAqkSi jk

+
1
2

a−1Api(Aq j,k +Aqk, j)Di jk +a−1ApiAq jBi j

a = detA(x)

u x u′(x′)

x′ n 0 n

CC,0,0,0

CC′,S′,D′,B′ C′,S′,D′,B′ S,D B

CC,0,0,0

n n



ρ ü(x, t) = ∇
[
(1− �2

0∇
2)(C0 : ∇su(x, t))

]
(1− �2

0∇
2)ρ ü(x, t) = ∇ [C0 : ∇su(x, t)]

(1− �2
1∇

2)ρ ü(x, t) = (λ +μ)(1− �2
2∇

2)∇∇ u(x, t)+μ(1− �2
3∇

2)∇2u(x, t)

�0 �1 �2 �3 C0

u x

ρ(x)ü(x, t) =
∫
Ω

H(x,y) (u(y, t)−u(x, t))dy, ∀x ∈Ω

H(x,y)

ρ(x)ü(x, t) =
∫
Ω

H(x,y) u(y, t)dy−H0(x) u(x, t), ∀x ∈Ω

H0(x) =
∫
ΩH(x,y)dy

ρ′(x′) ü′(x′, t) =
∫
Ω′

H′(x′,y′) u′(y′, t)dy′ −H′
0(x

′) u′(x′, t), ∀x′ ∈Ω′

ρ′(x′) = a−1(x)ρ(x)A(x) AT (x)

H′(x′,y′) = a−1(x)A(x) H(x,y) AT (y)a−1(y)

H′
0(x

′) = a−1(x)A(x) H0(x) AT (x)

H′(x′,y′) H(x,y) H′
0(x

′)

H0(x)

u HH

u �−→
∫
Ω

H(x,y) u(y, t)dy, ∀x ∈Ω



ρ(x)ü(x, t) = ∇
∫
Ω
φ(|x−y|)C(y) : ∇su(y, t)dy, ∀x ∈Ω

φ(|x−y|)
ρ(x)ü(x, t) = ∇

∫
Ω

Ĉ(x,y) : ∇su(y, t)dy, ∀x ∈Ω

Ĉ(x,y) = φ(|x−y|)C(y)

ρ ′(x′)ü′(x′, t) =∇′
∫
Ω′

[
Ĉ′(x′,y′) : ∇′su′(y′, t)+S′(x′,y′) u′(y′, t)

]
dy′

+

∫
Ω′

[
D̂′(x′,y′) : ∇′su′(y′, t)+B′(x′,y′) u′(y′, t)

]
dy′, ∀x′ ∈Ω′

Ĉ′
pqrs(x

′,y′) := a−1(x)Api(x)Aq j(x)Ĉi jkl(x,y)Ark(y)Asl(y)a−1(y)

Ŝ′pqr(x
′,y′) :=

1
2

a−1(x)Api(x)Aq j(x)Ĉi jkl(x,y)(Ark,l(y)+Arl,k(y))a−1(y)

D̂′
pqr(x

′,y′) := a−1(x)Api, j(x)Ĉi jkl(x,y)Aqk(y)Arl(y)

B̂′
pq(x

′,y′) :=
1
2

a−1Api, j(x)Ĉi jkl(x,y)(Aqk,l(y)+Aql,k(y))

∇
∫
Ω
φ(|x−y|)C(y) : ∇su(y, t)dy = ∇ [φ(x)∗ (C(x) : ∇su(x, t))]

∗

ρ(x)ü j(x, t) =
1
2

[
φ(x)∗Ci jkl(x)(ul|k(x, t)+uk|l(x, t))

]
,i

=Ci jkl(x)ul(x, t)∗φ,ki(x)−Ci jkl
,k(x)ul(x, t)∗φ,i(x)

+Ci jkl(x)uk(x, t)∗φ,li(x)−Ci jkl
,l(x)uk(x, t)∗φ,i(x)

u

u JC,S,D,B

u �−→ −∇ [C(x)∗∇u(x, t)+S(x)∗u(x, t)]+D(x)∗∇u(x, t)+B(x)∗u(x, t)



CC,S,D,B

C(x)∗∇u(x, t) =
∫
Rn

C(x−y) : ∇u(y, t)dy

S(x)∗u(x, t) =
∫
Rn

S(x−y) u(y, t)dy

D(x)∗∇u(x, t) =
∫
Rn

D(x−y) : ∇u(y, t)dy

B(x)∗u(x, t) =
∫
Rn

B(x−y) u(y, t)dy

n = 1,2,3 JC,S,D,B

ρ(x)ü(x, t) = ∇ [C(x) : ∇su(x, t)]+
∫
Ω
Φ(x−y) u(y, t)dy, ∀x ∈Ω

Φ(x−y)





⎧⎪⎨
⎪⎩
ρü(x, t) = ∇ [C : ∇su(x, t)]−βT ∇T (x, t)+b(x, t)

ρcvṪ (x, t) = κ∇2T (x, t)−T (x, t)βT : ∇⊗ u̇(x, t)+hs (x, t)

u T ρ cv C κ

βT b hs

qm
r |r=rM

= 0, qz|z=±L = q0(t)



qM
r
∣∣
r=rI ,−L≤z≤L = qI

r
∣∣
r=rI ,−L≤z≤L

qr qz q

ρM ¨̄u(z, t)+ γρGu ∗ ¨̄u =EMū′′(z, t)+ γEGu ∗ ū′′+b(z, t)

−βT MT̄ ′(z, t)− γβT I(z, t)−
(
γEG′′

u − γρG̈u
)∗ βT I�

2
u

EI
T ′

I

T̄ ū

γβ = β̄T −βT M Gu

TI(r,z, t) = T̄ (z, t)−φhWT (z, t), TM(r,z, t) = T̄ (z, t)+(h(r)−φh)WT (z, t)

h(r) φh

ρMcvM
˙̄T (z, t)+ γcρGT ∗ ˙̄T =κMT̄ ′′(z, t)+ γκGT ∗ T̄ ′′+hs(z, t)

− γβ u̇′GT ∗ T̄ −βT M

[(
1− φ1

φ2
h

)
u̇′I +

˙̄u′φ1

φ2
h

]
T̄ (z, t)

γcρ = ρcv −ρMcvM, γκ = κ̄−κM

γβ u̇′ = γβ u̇′I +βT MẆ ′
u(φ2

h −φ1), φ1 =

∫
AM

h2(r)dAM

AI +AM

GT = gTλ 2
T gT

1
c2

T I
ġT (z, t)−g′′T (z, t)+

(
βT I

κI
u̇′I +λ

2
T

)
gT (z, t) = δ (z)δ (t)

cT I =
√
κI/(ρIcvI) λT =

√
κMβ 2

h /κI

ρMcvM
˙̄T (z, t)+ γcρGT ∗ ˙̄T = κMT̄ ′′(z, t)+ γκGT ∗ T̄ ′′+hs(z, t)



ρI = ρM =: ρ

cvI = cvM =: cv βT I = βT M =: βT

ρcv
˙̄T (z) = κMT̄ ′′(z)+

(κ̄−κM)λ 3
T

2

∫ +∞

−∞
[T̄ (z0)− T̄ (z)]e−λT |z−z0|dz0 +hs(z)

ρcv
˙̄T (z) =

∫ +∞

−∞

(
κMς3

2
e−ς |z−z0|+

(κ̄−κM)λ 3
T

2
e−λT |z−z0|

)
[T̄ (z0)− T̄ (z)]dz0 +hs(z)

R(k,s)T̃ (k,s) = 0

T̃ (k,s) T̄ (x, t) R(k,s)

R(k,s) = J (k,s)ρcv
[
s+ c̄2

T k2 + tc(s+ c2
T Ik

2)s+ tcc2
T M(s+ c2

T Ik
2)k2]

c̄2
T = κ̄/ρcv c2

T I = κI/(ρIcvI) c2
T M = κM/(ρMcvM) tc = ρMcvM/(ρcvc2

T Iλ 2
T )

J (k,s) = L {F {GT}}= c2
T I

s+ c2
T Ik2 + c2

T Iλ 2
T

GT ∗ ρ̄cv

[
˙̄T − c̄2

T T̄ ′′+ tc( ˙̄T − c2
T IT̄

′′)t − tcc2
T M( ˙̄T − c2

T IT̄
′′)zz

]
= 0

t zz t z

tc ¨̄T + ˙̄T = c̄2
T T̄ ′′+ tc(c2

T I + c2
T M) ˙̄T ′′ − tcc2

T Ic
2
T MT̄ ′′′′

c2
T I c2

T M 10−4
∼ 10−6 2/

tc ¨̄T + ˙̄T = c̄2
T T̄ ′′+ tc(c2

T I + c2
T M) ˙̄T ′′



rM/L = 0.05 rM/L = 0.03

σ0

z =±L

〈E〉 ū′′ = δ (z−L)+δ (z+L)

Emū′′(z, t)+ γEβ 2
u

∫ +∞

−∞
gu(z− z0)ū′′(z0, t0)dz0 = δ (z−L)+δ (z+L)



ūlocal(z) =
σ0

2Ē
(|z+L|− |z−L|)

ūnonlocal(z) =
σ0

2χu

(
1

Em
− 1

Ē

)(
e−χu|z−L| − e−χu|z+L|

)
+ ūlocal(z)

χu =
√

Ē
EM
λu

T0 σ0 β̄T0

EI(GPa) EM(GPa) νI νM αI(/
◦C) αM(/◦C)

ūĒ/σ0L

ūĒ/β̄T0L z/L

Ē
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Ee f f =
〈σ〉
〈ε〉 , α

e f f =
ΔL
LT

L

Ee f f
local = Ē, αe f f

local =
β̄
Ē

= ᾱ

Ee f f
nonlocal =

ūlocal(L)
ūnonlocal(L)

Ē, αe f f
nonlocal =

Ē

Ee f f
nonlocal

ᾱ

Ee f f
nonlocal = 0.93Ē αe f f

nonlocal = 1.08ᾱ

Ee f f
nonlocal = 0.79Ē αe f f

nonlocal = 1.27ᾱ

q0

T̄local(z) =
q0

2κ̄
(|z+L|+ |z−L|)

T̄nonlocal(z) =
q0

2χT

(
1
κm

− 1
κ̄

)(
e−χT |z−L| − e−χT |z+L|

)
+ T̄local(z)

T̄ κ̄/q0L

z/L

κI/κM

κI(W/(mK)) κM(W/(mK))
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q(x, t + τq) =−k∇T (x, t + τT )

τq τT

τq > τT

τq < τT

t + τT t + τq

τq τT

τT = 0 τT = τq = 0

x

ε̇(x, t) = Qq(x, t)+ sb(x, t)



ε̇(x, t) = ρcvṪ (x, t)

ε̇(x, t) sb(x, t)

ρ cv Ṫ (x, t) Qq(x, t)

t x Hx Hx x

� � Q̄(x, t)

Qq(x, t) =
∫
Hx

fQ(x,x′, t)dVx′

x′ Hx fQ(x,x′, t) x x′

x

x x′

x′ fQ

x

τ [x, t]

z [x, t] q [x, t] τ [x, t]

τ [x, t]
〈
x′ −x

〉
= T

(
x′, t

)−T (x, t)

z

τq τT

q
[
x, t + τq

]
=
∂ z(τ [x, t + τT ])

∂T (x, t + τT )
= h [x, t + τT ]

h [x, t + τT ] t + τT

t + τq

fQ
(
x′,x, t + τq

)
= q

[
x, t + τq

]〈
x′ −x

〉−q
[
x′, t + τq

]〈
x−x′

〉

Qq(x, t + τq) =

∫
Hx

[
h [x, t + τT ]

〈
x′ −x

〉−h
[
x′, t + τT

]〈
x−x′

〉]
dVx′

t t



Qq(x, t)+ τq
∂Qq(x, t)

∂ t
∼=
∫
Hx

[
h [x, t]

〈
x′ −x

〉−h
[
x′, t

]〈
x−x′

〉]
dVx′

+ τT

∫
Hx

[
∂h [x, t]〈x′ −x〉

∂ t
− ∂h [x′, t]〈x−x′〉

∂ t

]
dVx′

Qq = ε̇− sb = ρcvṪ − sb

τqρcvT̈ (x, t)+ρcvṪ (x, t) =
∫
Hx

[
h [x, t]

〈
x′ −x

〉−h
[
x′, t

]〈
x−x′

〉]
dVx′

+ τT

∫
Hx

[
ḣ [x, t]

〈
x′ −x

〉− ḣ
[
x′, t

]〈
x−x′

〉]
dVx′

+ sb(x, t)+ τqṡb(x, t)

τT = 0

τqρcvT̈ (x, t)+ρcvṪ (x, t) =
∫
Hx

[
h [x, t]

〈
x′ −x

〉−h
[
x′, t

]〈
x−x′

〉]
dVx′

+ sb(x, t)+ τqṡb(x, t)

τq = τT = 0

ρcvṪ (x, t) =
∫
Hx

[
h [x, t]

〈
x′ −x

〉−h
[
x′, t

]〈
x−x′

〉]
dVx′ + sb(x, t)

T (x,0) = T ∗ (x) , Ṫ (x,0) = Ṫ ∗ (x)



�

h [x, t]
〈
x′ −x

〉
=−h

[
x′, t

]〈
x−x′

〉

fh
(
x′,x, t

)
= h [x, t]

〈
x′ −x

〉−h
[
x′, t

]〈
x−x′

〉
= 2h [x, t]

〈
x′ −x

〉

τqρcvT̈ (x, t)+ρcvṪ (x, t) =
∫
Hx

fh
(
x′,x, t

)
dVx′ + τT

∫
Hx

ḟh
(
x′,x, t

)
dVx′

+ sb(x, t)+ τqṡb(x, t)

τqρcvT̈ (x, t)+ρcvṪ (x, t) =
∫
Hx

fh
(
x′,x, t

)
dVx′ + sb(x, t)+ τqṡb(x, t)

fh (x′,x, t)

fh
(
x′,x, t

)
= κ

T (x′, t)−T (x, t)
|x′ −x|

κ

κ κ

κ κ

κ =

⎧⎪⎪⎨
⎪⎪⎩

2κ
A�2

6κ
πh�3

6κ
π�4



A h

τq(i)ρ(i)cv(i)T̈(i)(x, t)+ρ(i)cv(i)Ṫ(i)(x, t) =
N∑

j=1

(
fh(i)( j) + τT (i) ḟh(i)( j)

)
V( j)

+ρ(i)sb(i) + τq(i)ρ(i)ṡb(i)

i j i

N V( j) j fh fh(i)( j)

fh(i)( j) = κ
T( j)−T(i)
|ξ(i)( j)|

ξ(i)( j) = x( j)−x(i)
n T n

(i) = T(i) t = nΔt Δt

τq(i)ρ(i)cv(i)T̈
n
(i)(x, t)+ρ(i)cv(i)Ṫ

n
(i)(x, t) =

N∑
j=1

(
f n
h(i)( j) + τT (i) ḟ n

h(i)( j)

)
V( j)

+ρ(i)sn
b(i) + τq(i)ρ(i)ṡn

b(i)

f n
h(i)( j) = κ

T n
( j)−T n

(i)
|ξ(i)( j)|

n

n+1

n+1

n

Ṫ n+1
( j) = T̈ n

( j)Δt + Ṫ n
( j)

n+1 n n+1

T n+1
( j) = Ṫ n+1

( j) Δt +T n
( j)



j

n

T n
( j) = ζ neΓ j

√−1

Γ ζ Γ |ζ | ≤ 1

sb
τq(i)ρ(i)cv(i)

Δt2

(
ζ −2+ζ−1)+ ρ(i)cv(i)

Δt

(
1−ζ−1)

=

N∑
j=1

κ
(

eΓ( j−i)
√−1 −1

)
|ξ(i)( j)|

[
1+

τT

Δt

(
1−ζ−1)]V( j)

=

N∑
j=1

κ (cosΓ( j− i)−1)
|ξ(i)( j)|

[
1+

τT

Δt

(
1−ζ−1)]V( j)

=−
[
1+

τT

Δt

(
1−ζ−1)]MΓ

MΓ =−
N∑

j=1

κ (cosΓ( j− i)−1)
|ξ(i)( j)|

V( j)

ζ

ζ = 1− 1
2

⎡
⎢⎣�t
τq

+
(

1+
τT

Δt

) MΓΔt2

τqρ(i)cv(i)
∓

√√√√[
�t
τq

+
(

1+
τT

Δt

) MΓΔt2

τqρ(i)cv(i)

]2

− 4MΓΔt2

τqρ(i)cv(i)

⎤
⎥⎦

|ζ | ≤ 1

Δt <
ρ(i)cv(i)

MΓ

⎡
⎢⎣
√√√√(

1+
MΓτT

ρ(i)cv(i)

)2

+
4MΓτq

ρ(i)cv(i)
−
(

1+
MΓτT

ρ(i)cv(i)

)⎤⎥⎦

MΓ ≤
N∑

j=1

2κ
|ξ(i)( j)|

V( j) = M0

Δt <
ρ(i)cv(i)

M0

⎡
⎢⎣
√√√√(

1+
M0τT

ρ(i)cv(i)

)2

+
4M0τq

ρ(i)cv(i)
−
(

1+
M0τT

ρ(i)cv(i)

)⎤⎥⎦



τT = 0

Δt <
ρ(i)cv(i)

M0

[√
1+

4M0τq

ρ(i)cv(i)
−1

]

y− z L1 L2 tp

x



τqρcvT̈ (x, t)+ρcvṪ (x, t) =
∫
Hx

κ
T (x′, t)−T (x, t)

|x′ −x| dVx′ −
UL

tp
(T −Ta)+

S
tp

Ul S Ta

V 2
e
∂ 2θ
∂F2

0
+
∂θ
∂F0

=

∫
HX

κ̃
θ ′ −θ
|X′ −X|dVX′ +S∗ −Z2

0θ

Z0 = L1

√
Ul

ktp
,S∗ =

SL2
1

k (Tt −Ta) tp
,C =

√
α
τq
,F0 =

αt
L2

1
, κ̃ =

κ
κ

Ve =
τq

L1
C,X =

x
L1

,α =
κ
ρcp

,θ =
T −Ta

Tt −Ta

Tt

Ve = 0.2 S∗ = 1.0 Z0 = 0.5 L∗
1 = 1 L∗

2 = 1 t∗p = 0.1

ΔF0 = 2×10−5 ΔX = ΔY = ΔZ = 0.01

�= 3.015ΔX

L1 L1 L2

θ (X,0) = 0,
∂θ (X,0)
∂F0

= 0

1
∂θ (0,F0)

∂X
= 0,θ (1,F0) = 1 F0 > 0

2

⎧⎨
⎩

∂θ(0,Y,F0)
∂X = 0,θ (1,Y,F0) = 1

∂θ(X ,0,F0)
∂Y = 0, ∂θ(X ,1,F0)

∂Y = 0
F0 > 0

3

⎧⎪⎪⎨
⎪⎪⎩

∂θ(0,Y,Z,F0)
∂X = 0,θ (1,Y,Z,F0) = 1

∂θ (X ,0,Z,F0)
∂Y = 0, ∂θ(X ,1,Z,F0)

∂Y = 0
∂θ(X ,Y,0,F0)

∂Z = 0, ∂θ(X ,Y,0.1,F0)
∂Z = 0

F0 > 0

x F0

F0 F0 = 2.0 F0 = 5.0
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F0 = 0.6,0.8,2.0

1
∂θ (0,F0)

∂X
= 0,θ (1,F0) =−Bi1 (θ −1) F0 > 0

2

⎧⎨
⎩

∂θ(0,Y,F0)
∂X = 0,θ (1,Y,F0) =−Bi1 (θ −1)

∂θ(X ,0,F0)
∂Y = 0, ∂θ(X ,1,F0)

∂Y = 0
F0 > 0

3

⎧⎪⎪⎨
⎪⎪⎩

∂θ(0,Y,Z,F0)
∂X = 0,θ (1,Y,Z,F0) =−Bi1 (θ −1)

∂θ(X ,0,Z,F0)
∂Y = 0, ∂θ(X ,1,Z,F0)

∂Y = 0
∂θ(X ,Y,0,F0)

∂Z = 0, ∂θ (X ,Y,0.1,F0)
∂Z = 0

F0 > 0

Bi1 = 0.5

x F0

F0 F0 = 1,2,5,10
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S (x, t) = 0.94J0

(
1−R

t0l

)
e−

x
l −

a|t−2t0|
t0

J0 = 13.4 2 R = 0.93 l = 15.3×10−9

t0 = 100×10−15 a = 1.992
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L = 20

τq∂ 2T
α∂ t2 +

∂T
α∂ t

=

∫
Hx

κ
κ

(
T ′ −T
|x′ − x| + τT

T ′ −T
|x′ − x|

)
dVx′ +

1
k

(
S+ τq

∂S
∂ t

)

α = 1.2× 10−4 2

κ = 315 L = 20 τq = 8.5×10−12

τT = 4× 10−14 L = 100 τq =

8.5×10−12 τT = 90×10−14

Δt = 2×10−5 Δ= L/100 �= 0.25L

T (x,0) = T0,
∂T
∂ t

(x,0) = 0

∂T
∂ t

(0, t) = 0,
∂T
∂ t

(L, t) = 0

x = 0

ΔT/(ΔT )max ΔT = T − T0
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L = 100

L = 2 W = 2

2a = 1 cv = 1 κ = 1.14

ρ = 1 3

T (x,y,0) = 0,
∂T
∂ t

(x,y,0) = 0

T (x,−W/2, t) = 100◦C,T (x,W/2, t) =−100◦C, t > 0

∂T
∂x

(−L/2,y, t) = 0,
∂T
∂x

(L/2,y, t) = 0, t > 0

τq = 4×10−6 τT = 0.004

x = 0 t = 0.1

τq



t = 0.5
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x = 0

t = 0.1
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t = 0.1 t = 0.1
t = 0.1 t = 0.5

t = 0.5

t = 0.5 t = 0.5

E3 V B E3 B
B y( , ) y : B×R

+ → E3
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t = 0.5

R
+ = [0,∞) y( , t) B t ∈ R

+ y(x, t) x

t B t Bt = {y(x, t)|x ∈ B} x t

u(x, t) = y(x, t)− x u ∈ L2(V) B
B

x t

ẏ(x, t) ÿ(x, t) b(x, t)

ẏ : B×R
+ → V , ÿ : B×R

+ → V , b : B×R
+ → V

x′ 2 f(x′,x, t)

f : B×B×R
+ → V

f

f(x′,x, t) =−f(x,x′, t), ∀x′,x ∈ B, t ∈ R
+

f(x′,x, t)

f(x′,x, t) = t(x′,x, t)− t(x,x′, t), ∀x′,x ∈ B, t ∈ R
+

t(x′,x, t)

t : B×B×R
+ → V

f t y f

f



b ρ(x) B

ρ(x)ÿ(x, t) =
∫
B

[
t(x′,x, t)− t(x,x′, t)

]
dVx′ +b(x, t), ∀x ∈ B, t ∈ R

+

x

Θ(x, t) SQ(x, t)

Θ : B×R
+ → R, SQ : B×R

+ → R

fQ(x′,x, t)

fQ : B×B×R
+ → R

fQ

fQ(x′,x, t) =− fQ(x,x′, t), ∀x′,x ∈ B, t ∈ R
+

fQ(x′,x, t)

fQ(x′,x, t) = q(x′,x, t)−q(x,x′, t), ∀x′,x ∈ B, t ≥ 0

q(x′,x, t)

q : B×B×R
+ → R

q(x′,x, t) fQ(x′,x, t)

x′ x

ε(x, t) x ∈ B t

ε : B×R
+ → R

ε(x, t)

ε̇(x, t) = pabs(x, t)+Qq(x, t)+SQ(x, t), ∀x ∈ B, t ∈ R
+

pabs Qq

pabs(x, t) =
∫
B

t(x′,x, t) (u̇(x′, t)− u̇(x, t))dVx′ , Qq(x, t) =
∫
B

fQ(x′,x, t)dVx′

B P

Ė(P)+ K̇(P) =Wsup(P)+Q(P), ∀t ∈ R
+



∂/∂ t E P K Wsup

P Q

E =

∫
P
εdV

K =

∫
P

1
2
ρ ẏ ẏdV

Wsup =

∫
P

∫
B\P

(
t ẏ′ − t′ ẏ

)
dV ′dV +

∫
P

b ẏdV

Q=

∫
P

∫
B\P

fQdV ′dV +

∫
P

SQdV

ε = ε(x, t), y = y(x, t), y′ = y(x′, t) t = t(x′,x, t), t′ = t(x,x′, t)

b = b(x, t), q = q(x′,x, t), SQ = SQ(x, t), ρ = ρ(x, t), dV ′ = dVx′, dV = dVx

x′∫
P

(
ε̇− pabs −Qq −SQ

)
dV +

∫
P

(
ρ ÿ−

∫
B
(t− t′)dV ′ −b

)
ẏdV = 0, ∀t ∈ R

+

∫
P

(
ε̇− pabs −Qq −SQ

)
dV = 0, ∀t ∈ R

+

B
ε̇ = pabs +Qq +SQ, ∀x ∈ B, t ∈ R

+

x ∈ B � ∈ R
+ x ∈ B Hx

H= {ξ ∈ (V \0)|ξ = x′ −x, x′ ∈ (Hx ∩B)} ξ

(x′,x)

Lm m H m

A〈 〉 : H→Lm 〈 〉 ξ ∈H t ∈ R
+ x ∈ B

A[x, t] A[x, t] B[x, t]

A•B =

∫
H

A[x, t]〈ξ〉 B[x, t]〈ξ〉dVξ

m Am A1 A0



X ∈A1 Y ∈A1 T ∈A1

τ ∈ A0 q ∈ A0

X〈ξ〉= ξ
Y[x, t]〈ξ〉= y(x′, t)−y(x, t) ∀x′,x ∈ B, t ∈ R

+

T[x, t]〈ξ〉= t(x′,x, t) ∀x′,x ∈ B, t ∈ R
+

τ[x, t]〈ξ〉=Θ(x′, t)−Θ(x, t) ∀x′,x ∈ B, t ∈ R
+

q[x, t]〈ξ〉= q(x′,x, t) ∀x′,x ∈ B, t ∈ R
+

Y T τ q

Θ(x, t)η̇(x, t)−Qq(x, t)−SQ(x, t)≥ 0, ∀x ∈ B, t ∈ R
+

η(x, t) t ∈ R
+ x ∈ B

ψ

ψ(x, t) = ε(x, t)−Θ(x, t)η(x, t), ∀x ∈ B, t ∈ R
+

(x, t)

ψ {Θ,Y} ψ

ψ =Ψ{Θ,Y} , ∀x ∈ B, t ∈ R
+

q
[
x, t + τq

]
=
∂ z(τ [x, t + τT ])

∂T (x, t + τT )
= h [x, t + τT ] = A• τ, ∀t ∈ R

+

A

Qq(t + τq) =

∫
B

fh(x′,x, t + τT )dV ′, ∀t ∈ R
+

fh(x′,x, t) = h[x, t]〈x′ −x〉− h[x′, t]〈x−x′〉



t

Qq + τqQ̇q =

∫
B

[
fh(x′,x, t)+ τT ḟh(x′,x, t)

]
dV ′

T =ΨY

η =−ΨΘ
Θη̇ = Qq +SQ

ΨΘ Ψ Θ ΨY Ψ Y

τqρcvΘ̈+ρcvΘ̇=

∫
B

[
fh(x′,x, t)+ τT ḟh(x′,x, t)

]
dV ′ −ΘB• (Ẏ+ τqŸ

)
+
(
SQ + τqSQ

)

cv =−ΘΨΘΘ/ρ B =−ΨΘY

ψ̇ = ε̇− Θ̇η−Θη̇ , ∀x ∈ B, t ∈ R
+

ψ̇ = pabs +Qq +SQ − Θ̇η−Θη̇ , ∀x ∈ B, t ∈ R
+

ψ̇+ Θ̇η− pabs ≤ 0, ∀x ∈ B, t ∈ R
+

(
ΨY −T

)• Ẏ+(ΨΘ+η) Θ̇+Θη̇−Qq −SQ = 0, ∀x ∈ B, t ∈ R
+

(
ΨY −T

)• Ẏ+(ΨΘ+η) Θ̇≥ 0, ∀x ∈ B, t ∈ R
+

Ẏ Θ̇

T =ΨY

η =−ΨΘ
Θη̇ = Qq +SQ



Qq =ΘB• Ẏ+ρcvΘ̇−SQ, ∀x ∈ B, t ∈ R
+

τqρcvΘ̈+ρcvΘ̇=

∫
B

[
fh(x′,x, t)+ τT ḟh(x′,x, t)

]
dV ′ −ΘB• (Ẏ+ τqŸ

)
+
(
SQ + τqSQ

)

ψ =Ψ{Θ,Y}= 1
2

U•K•U−B•UT − ρcv

2Θ0
T 2, ∀x ∈ B, t ∈ R

+

Θ0 T =Θ−Θ0 |T/Θ0| � 1 U U = Y−X

K K= T0
Y

T =K•U−BT, ∀x ∈ B, t ∈ R
+

ρ ÿ=
∫
B

{
(K•U−BT ) [x, t]

〈
x′ −x

〉− (K•U−BT ) [x′, t]
〈
x−x′

〉}
dV ′+b, ∀x∈B, t ∈R

+

T

τqρcvT̈ +ρcvṪ =

∫
B

[
fh(x′,x, t)+ τT ḟh(x′,x, t)

]
dV ′ −Θ0B• (Ẏ+ τqŸ

)
+
(
SQ + τqSQ

)

Θ0 ≈Θ

τT = 0

τq = τT = 0



⎧⎪⎨
⎪⎩
ρ ÿ=

∫
B {(K•U−BT ) [x, t]〈x′ −x〉− (K•U−BT ) [x′, t]〈x−x′〉}dV ′+b, ∀x ∈ B\B∗

u

τqρcvT̈+ρcvṪ=
∫
B
[

fh(x′,x, t)+ τT ḟh(x′,x, t)
]

dV ′−Θ0B• (Ẏ+ τqŸ
)
+
(
SQ + τqSQ

)
, ∀x ∈ B\B∗

T

y = y∗, ∀x ∈ B∗
u

T = T ∗, ∀x ∈ B∗
T

ẏ(x,0) = y0(x,0), ∀x ∈ B\B∗
u

Ṫ (x,0) = T0(x,0), ∀x ∈ B\B∗
T

B∗
u ⊂ B B∗

T ⊂ B y∗ T ∗ y0 T0

B×R
+

{
u(1),T (1)

} {
u(2),T (2)

}
{

u(c) = u(2)−u(1),T (c) = T (2)−T (1)
}
{

u(c),T (c)
}

Lq

Lq = 1+ τq∂/∂ t
{

u(d) = Lq

[
u(c)

]
,T (d) = Lq

[
T (c)

]}
{

u(c),T (c)
}

{
u(d),T (d)

}

T(d) =K•U(d)−BT (d)

Q(d)
q =

∫
B
LT

[
f (d)h

]
dV ′

Θ−1
0 Q(d)

q = B• Ẏ(d)
+
ρcv

Θ0
Ṫ (d)

Θ T LT = 1+ τT∂/∂ t

U̇(d) T (d)

B∫
B

T(d) • U̇(d)dV +Θ−1
0

∫
B

Q(d)
q T (d)dV = U(d) •K• U̇(d)

+

∫
B
ρcv

Θ0
Ṫ (d)T (d)dV

∫
B
ρcv

Θ0
Ṫ (d)T (d)dV =

∂
∂ t

∫
B
ρcv

2Θ0

(
T (d)

)2
dV



K

U(d) •K• U̇(d)
=
∂
∂ t

(
1
2

U(d) •K•U(d)
)

∫
B

T(d) • U̇(d)dV =

∫
B

∫
B

t(d)
(

u̇′(d)− u̇(d)
)

dV ′dV =

∫
B

∫
B

(
t′(d)− t(d)

)
u̇(d)dV ′dV

=−
∫
B
ρ ü(d) u̇(d)dV =− ∂

∂ t

∫
B

1
2
ρ
(

u̇(d)
)2

dV

∫
B
∫
B t(d) u̇′(d)dV ′dV =

∫
B
∫
B t′(d) u̇(d)dV ′dV

x′ x

Θ−1
0

∫
B

Q(d)
q T (d)dV = Θ−1

0

∫
B

∫
B
LT

[
f (d)h

]
T (d)dV ′dV

= Θ−1
0

∫
B

∫
B
LT

[
h(d)s −h′(d)s

]
T (d)dV ′dV

=−Θ−1
0

∫
B

∫
B
LT

[
h(d)s

](
T ′(d)−T (d)

)
dV ′dV

=−Θ−1
0 τ(d) •A• τ(d)−Θ−1

0 τT
∂
∂ t

[
1
2
τ(d) •A• τ(d)

]

h(d)s = h(d)[x, t]〈x′ −x〉 h′(d)s = h(d)[x′, t]〈x−x′〉

∂
∂ t

{∫
B
ρcv

2Θ0

(
T (d)

)2
dV +

ρcv

2Θ0

(
T (d)

)2
+

1
2
ρ
(

u̇(d)
)2

dV +
1
2

U(d) •K•U(d) +
τT

2Θ0
τ •A• τ

}

=−Θ−1
0 τ •A• τ

A

∂
∂ t

{∫
B
ρcv

2Θ0

(
T (d)

)2
dV +

ρcv

2Θ0

(
T (d)

)2
+

1
2
ρ
(

u̇(d)
)2

dV +
1
2

U(d) •K•U(d) +
τT

2Θ0
τ •A• τ

}
≤ 0

K A

∀t > 0

u(d) = 0 ⇒ u(c) + τqu̇(c) = 0 ⇒ u(c)(x, t) = u(c)(x,0)e−t/τq

T (d) = 0 ⇒ T (c) + τqṪ (c) = 0 ⇒ T (c)(x, t) = T (c)(x,0)e−t/τq

u(c)(x,0) = 0, T (c)(x,0) = 0



u(c)(x, t) = 0, T (c)(x, t) = 0, ∀x ∈ B, t ∈ R
+{

u(c),T (c)
}





B x

ρü(x, t) =
∫
B

f(x,q,u(x, t),u(q, t))dVq +b(x, t), ∀x ∈ B, ∀t ∈ R
+

f(x,q,u(x, t))

f(x,q,u(x, t),u(q, t)) = C(x,q) [u(q, t)−u(x, t)]

u(x, t) u(q, t) t x q b ρ

f(x,q,u(x, t),u(q, t)) x q

C(x,q)

C(x,q)

C(x,q) = βs

∫
B

w(|p−x|)w(|p−q|)(p−x)⊗ (p−q)dVp +2γs(q−x)

w(|ξ|) �

�

γs(ξ) = αsw(|ξ|)
(
ξ

|ξ| ⊗
ξ

|ξ|
)

ξ = q−x βs αs

βs =
9μ
m2

s

1−4ν
1−2ν

, αs =
15μ
ms

, ms =

∫
B

w(|ξ|)|ξ|2dVξ



μ ν

βs =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4μ
m2

s

1−3ν
1−ν ,

4μ
m2

s

1−4ν
1−2ν

,

, αs =
8μ
ms

, ms =

∫
B

w(|ξ|)|ξ|2dAξ

�

βs = 0, αs =
E

2ms
, ms =

∫
B

w(|ξ|)|ξ|2dξ

C(x,q) x q

p x q p

x q

ν = 1/4 C(x,q)

B
u(x,0) = u0(x), u̇(x,0) = u̇0(x)

u0 u̇0

ζ := p−x ξ := q−x

C(x,q)

C(x,q) = Ca(ξ)+Cb(ξ)

Ca(ξ) := βs

∫
B

w(|ζ|)w(|ζ−ξ|)ζ⊗ (ζ−ξ)dVζ, Cb(ξ) := 2γs(ξ)

Ca(ξ) ξ

Cb(ξ)

ρü(x, t) =
∫
B

[
Ca(ξ)+Cb(ξ)

]
[u(x+ξ, t)−u(x, t)]dVξ+b(x, t)



u(x, t) = Uei(k x−ωt)

i2 =−1 U k ω

M(k) u(x, t) = ρω2u(x, t)

M(k)

M(k) = Ma(k)+Mb(k)

Ma(k) =
∫
B

Ca(ξ)
(

1− eik ξ
)

dVξ, Mb(k) =
∫
B

Cb(ξ)
(

1− eik ξ
)

dVξ

u(x, t)

det
∣∣M(k)−ρω2I

∣∣= 0

ω k

M(k) M(k) Ma(k)

Mb(k) M(k)

Ma(k) Ca(ξ)

Ma(k) = βs

∫
B

∫
B

w(|ζ|)w(|ζ−ξ|)ζ⊗ (ζ−ξ)
(

1− eik ξ
)

dVζdVξ

η = ξ−ζ
Ma(k) =−βs

∫
B

∫
B

w(|ζ|)w(|η|)ζ⊗η
(

1− eik (η+ζ)
)

dVηdVζ

= βs

∫
B

∫
B

w(|ζ|)w(|η|)ζ⊗ηeik (η+ζ)dVηdVζ

= βs

∫
B

eik ζw(|ζ|)ζdVζ ⊗
∫
B

eik ηw(|η|)ηdVη

=−βs

∫
B

sin(k ζ)w(|ζ|)ζdVζ ⊗
∫
B

sin(k η)w(|η|)ηdVη

χ(k) :=
∫
B

sin(k ζ)w(|ζ|)ζdVζ =

∫
B

sin(k η)w(|η|)ηdVη

χ(k) {e1,e2,e3} k

k = ke1 k = |k| k{
e′1,e

′
2,e

′
3
}

e′1 k



⎡
⎢⎢⎣

e′1
e′2
e′3

⎤
⎥⎥⎦=D

⎡
⎢⎢⎣

e1

e2

e3

⎤
⎥⎥⎦

D =

⎡
⎢⎢⎢⎢⎣

k1
k

k2
k

k3
k

k2√
k2

1+k2
2

−k1√
k2

1+k2
2

0

k1k3

k
√

k2
1+k2

2

k2k3

k
√

k2
1+k2

2

−
√

k2
1+k2

2
k

⎤
⎥⎥⎥⎥⎦

k1 k2 k3 k {e1,e2,e3} ζ

⎡
⎢⎢⎣
ζ1

ζ2

ξ3

⎤
⎥⎥⎦=DT

⎡
⎢⎢⎣
ζ ′1
ζ ′2
ζ ′3

⎤
⎥⎥⎦

{
e′1,e

′
2,e

′
3
}

χ(ke′1)

{e1,e2,e3} χ(k)

χ(k) = Qs(k)nk

nk = k/|k|

Qs(k) = 4π
∫ ∞

0
w(ζ )ζ 3

(
sinkζ
(kζ )2 − coskζ

kζ

)
dζ

ζ = |ζ|
Qs(k) = 2π

∫ ∞

0
w(ζ )ζ 2J1(kζ )dζ , Qs(k) =

∫ ∞

0
w(ζ )ζ sin(kζ )dζ

J1(kξ )

Ma(k) =−βsχ(k)⊗χ(k) =−βsQ2
s (k)nk ⊗nk

Mb(k)

Mb(k) = M1nk ⊗nk +M2Pnk

Pnk = I−nk ⊗nk I

Mi = 8παs

∫ ∞

0
w(ξ )ξ 2Ai(kξ )dξ , i = 1,2

ξ = |ξ|

A1(kξ ) =
1
3
− sin(kξ )

kξ
− 2cos(kξ )

(kξ )2 +
2sin(kξ )
(kξ )3 , A2(kξ ) =

1
3
+

cos(kξ )
(kξ )2 − sin(kξ )

(kξ )3



Mi = 4παs

∫ ∞

0
w(ξ )Ai(kξ )ξdξ , i = 1,2

A1(kξ ) =
1
2
− J0(kξ )+

J1(kξ )
(kξ )

, A2(kξ ) =
1
2
− J1(kξ )

(kξ )

J0(kξ ) M(k)

M(k)

M(k) = 2αs

∫ ∞

0
w(ξ )(1− cos(kξ ))dξ

Ma(k) Mb(k)

M(k)

M(k) = M‖(k)nk ⊗nk +M⊥(k)Pnk

M‖(k) = M1(k)−βsQ2
s (k), M⊥(k) = M2(k)

M‖ M⊥ M(k) k

Ca Ma M‖ 1/4

M(k)

�

�→ 0

M(k) w(ξ )

w(ξ )

�

w(ξ ) =

⎧⎪⎨
⎪⎩

1, |ξ | ≤ �

0,

w(ξ ) =

⎧⎪⎨
⎪⎩

1−|ξ |/�, |ξ | ≤ �

0,

�

w(ξ ) = e−|ξ |/� w(ξ ) = e−ξ 2/�2



�→ 0 M(k) M‖ M⊥

M‖ = 8παs

∫ �

0
w(ξ )ξ 2A1(kξ )dξ −βs

[∫ �

0
w(ξ )ξ 3

(
sin(kξ )

k2ξ 2 − cos(kξ )
kξ

)
dξ

]2

M⊥ = 8παs

∫ �

0
w(ξ )ξ 2A2(kξ )dξ

A1(kξ ) =
k2ξ 2

10
+O(k4ξ 4)

A2(kξ ) =
k2ξ 2

30
+O(k4ξ 4)

sin(kξ )
(kξ )2 − cos(kξ )

(kξ )
=

kξ
3

+O(k3ξ 3)

ξ ≤ � k �→ 0 kξ

M‖ = (λ +2μ)k2, M⊥ = μk2

λ μ

�→ 0

w(ξ ) = e−|ξ |/� �→0
= 2�δ (ξ ), w(ξ ) = e−ξ

2/�2 �→0
= �

√
πδ (ξ )

M(k)

ω(k) =
√

M(k)/ρ

ω‖ ω⊥ ω⊥
ω‖ ω⊥

u‖nk

ω‖(k) =

√
M‖(k)
ρ

u⊥nk

ω⊥(k) =

√
M⊥(k)
ρ



u3 = 0 u1(x1,x2),u2(x1,x2) �= 0⎡
⎣ M11 −ρω2 M12

M21 M22 −ρω2

⎤
⎦
⎡
⎣ u1

u2

⎤
⎦= 0

ω‖ =
√

M‖/ρ ω⊥ =
√

M⊥/ρ

u3(x1,x2) �= 0 u1 = u2 = 0

ω⊥ =
√

M⊥/ρ

M((k)) �→ 0

�

k → 0

θ = k x−ωt

k ω

k = ∇xθ , ω =−θt

∇x x θ
∂k
∂ t

+∇xω = 0

∂k
∂ t

+ cg(k) (k⊗∇x) = 0

cg(k) =
dω(k)

dk
nk



cg(k)

θ = k (x− cpt)

cp(k) =
ω
k

nk

cp(k) ω‖ ω⊥

B

ũ(k,s) =
[
s2I+M(k)/ρ

]−1 [
b̃(k,s)+ sũ0(k)+ ˙̃u0(k)

]

û(k, t) =
1
ρ

∫ t

0
Ĝ(k, t) b̂(k, t − τ)dτ+ ˙̂G(k, t) û0(k)+ Ĝ(k, t) ˙̂u0(k)

Ĝ(k, t) = L −1{s2I+M(k)/ρ
}
=

sin(ω‖(k)t)
ω‖(k)

nk ⊗nk +
sin(ω⊥(k)t)
ω⊥(k)

Pnk

u(x, t) =
1
ρ

∫
B

∫ t

0
G(x′,τ) b(x−x′, t − τ)dτdVx′ +

∫
B

Ġ(x′,τ) u0(x−x′)dVx′

+

∫
B

G(x′,τ) u̇0(x−x′)dVx′

G(x, t) = F−1{Ĝ(k, t)
}

u(x) =
∫
B

G(x′) b(x−x′)dVx′

G(x) = F−1{Ĝ(k)
}

G(x, t) = G‖(x, t)nx ⊗nx +G⊥(x, t)Pnx

x = |x| nx = x/x Pnx = I−nx ⊗nx G‖(x, t) G⊥(x, t)



G‖(x, t) =
1

2π2

∫ ∞

0
k2

[
a1(kx)

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω‖(k)t)
ω‖(k)

)
+

sin(kx)
kx

sin(ω⊥(k)t)
ω⊥(k)

]
dk

G⊥(x, t) =
1

2π2

∫ ∞

0
k2

[
a2(kx)

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω‖(k)t)
ω‖(k)

)
+

sin(kx)
kx

sin(ω⊥(k)t)
ω⊥(k)

]
dk

ai(kx) = Ai(kx)− 1
3 i = 1,2 Ai(kx)

G‖(x, t) =
sin(ω∞t)
ω∞

δ (x)+
1

2π2

∫ ∞

0
k2

[
a1(kx)

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω‖(k)t)
ω‖(k)

)

+
sin(kx)

kx

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω∞t)
ω∞

)]
dk

G⊥(x, t) =
sin(ω∞t)
ω∞

δ (x)+
1

2π2

∫ ∞

0
k2

[
a2(kx)

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω‖(k)t)
ω‖(k)

)

+
sin(kx)

kx

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω∞t)
ω∞

)]
dk

δ (x) ω∞ =
√

M∞/ρ M∞ = lim
k→+∞

M⊥ = lim
k→+∞

M‖
G‖(x, t) G⊥(x, t)

G‖(x, t) =
sin(ω∞t)
ω∞

δ (x)+
1

2π

∫ ∞

0
k

[
a1(kx)

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω‖(k)t)
ω‖(k)

)

+J0(kx)
(

sin(ω⊥(k)t)
ω⊥(k)

− sin(ω∞t)
ω∞

)]
dk

G⊥(x, t) =
sin(ω∞t)
ω∞

δ (x)+
1

2π

∫ ∞

0
k

[
a2(kx)

(
sin(ω⊥(k)t)
ω⊥(k)

− sin(ω‖(k)t)
ω‖(k)

)

+J0(kx)
(

sin(ω⊥(k)t)
ω⊥(k)

− sin(ω∞t)
ω∞

)]
dk

δ (x) ai(kx) = Ai(kx)− 1
2 i = 1,2 Ai(kx)

G(x, t) =
sin(ω∞t)
ω∞

δ (x)+
1
π

∫ ∞

0
cos(kx)

(
sin(ω(k)t)
ω(k)

− sin(ω∞t)
ω∞

)
dk

δ (x)

GDirac(x, t) =
sin(ω∞t)
ω∞

δ (x)I



uDirac(x, t) = cos(ω∞t)u0(x)+
sin(ω∞t)
ω∞

u̇0(x)+
∫ t

0

sin(ω∞τ)
ρω∞

b(x, t − τ)dτ

ω∞

G‖(x) =
δ (x)
M∞

+
1

2π2

∫ ∞

0
k2

[
a1(kx)

(
1

M⊥(k)
− 1

M‖(k)

)
+

sin(kx)
kx

(
1

M⊥(k)
− 1

M∞

)]
dk

G⊥(x) =
δ (x)
M∞

+
1

2π2

∫ ∞

0
k2

[
a2(kx)

(
1

M⊥(k)
− 1)

M‖(k)

)
+

sin(kx)
kx

(
1

M⊥(k)
− 1

M∞

)]
dk

δ (x) ai(kx) = Ai(kx)− 1
3 i = 1,2 Ai(kx)

G‖(x) =− 3−ν
8π

ln(x)+
δ (x)
M∞

+
1

2π

∫ ∞

0
k

[
a1(kx)

(
1

M⊥(k)
− 1

M‖(k)
−1+ν

2μk2

)

+J0(kx)
(

1
M⊥(k)

− 1
M∞

− 1
μk2

)]
dk

G⊥(x) =− 3−ν
8π

ln(x)+
δ (x)
M∞

+
1

2π

∫ ∞

0
k

[
a2(kx)

(
1

M⊥(k)
− 1

M‖(k)
−1+ν

2μk2

)

+J0(kx)
(

1
M⊥(k)

− 1
M∞

− 1
μk2

)]
dk

δ (x) ai(kx) = Ai(kx)− 1
2 i = 1,2 Ai(kx)

ν E ν/(1−ν) E/(1−ν2)

G(x) =− |x|
2E

+
δ (x)
M∞

+
1
π

∫ ∞

0
cos(kx)

(
1

M(k)
− 1

M∞
− 1

Ek2

)
dk



BS St

St B St

B St BS St

BS B−
S B+

S BS x BS
F(x, t;BS)

F(x, t;BS) =

∫
B−BS

C(x,q) [u(q, t)−u(x, t)]dVq

BS ∫
BS−St

F(x, t;BS)dVx +

∫
BS−St

b(x, t)dVx =
d
dt

∫
BS−St

ρu̇(x, t)dVx

d
dt

∫
BS−St

ρ u̇(x, t)dVx =

∫
BS−St

ρü(x, t)dVx −
∫
St

ρVn[[u̇(x, t)]]dS

Vn St n n B−
S B+

S
[[q(x, t)]] = q+−q− q+ q− q(x, t)

St n St∫
BS−St

[F(x, t;BS)+b(x, t)−ρ ü(x, t)]dVx +

∫
St

ρVn[[u̇(x, t)]]dS = 0

ρVn[[u̇(x∗, t)]] = 0, x∗ ∈ St

Vn = 0 or [[u̇(x∗, t)]] = 0 on St

St

St [[u̇(x∗, t)]] �= 0



Vn = 0

[[u(x, t)]] u+

u− u− u+

ρ[[ü(x∗, t)]]+P [[u(x∗, t)]] = [[b(x∗, t)]]

P =

∫
B

C(x,q)dVq =

∫
B

Cb(ξ)dVξ = 2
∫
B
γs(ξ)dVξ = P0I

P0 = M∞

[[u(x, t)]] P

ρ [[üi(x∗, t)]]+P0[[ui(x∗, t)]] = [[bi(x∗, t)]] for x∗ ∈ St

P0 > 0 P0 < 0

P0 = 0 P0 P0

w(ξ ) P0 ≤ 0

P0 = M∞ > 0

[[ui(x, t)]] = [[ui(x,0)]]cos(ω∞t)+ [[u̇i(x,0)]]
sin(ω∞t)
ω∞

+

∫ t

0

sin(ω∞τ)
ρω∞

[[bi(x, t − τ)]]dτ

G(x, t) = Gcon(x, t)+GDirac(x, t)

Gcon(x, t) = Gcon
‖ (x, t)nx ⊗nx +Gcon

⊥ (x, t)Pnx

Gcon
‖ (x, t) = G‖(x, t)−

sin(ω∞t)
ω∞

δ (x), Gcon
⊥ (x, t) = G⊥(x, t)− sin(ω∞t)

ω∞
δ (x)



u(x, t) = ucon(x, t)+uDirac(x, t)

ucon(x, t) uDirac(x, t) Gcon(x, t) GDirac(x, t)

Gcon(x, t) Gcon
‖ (x, t) Gcon

⊥ (x, t)

ucon(x, t) u(x, t)

uDirac(x, t)

w(|ξ|) = e−ξ 2/�2 ν = 0.3 l0

c0 =
√
μ/ρ

γ0 = �/l0

kl0

ω∞ := lim
k→+∞

ω‖ =
√

M∞/ρ

cg‖ cp‖ k = 0

kl0

k

ν =−0.3 ν = 0.3
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� ν =−0.3

k = 0

ν =−1,−0.5,0,0.25,0.45

�/l0 = 1 ν → 0.5

βs =
9μ(1−4ν)
m2

s (1−2ν) ν → 0.5 βs
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ν =−0.3 �/l0 = 1

w(ξ ) =

⎧⎪⎨
⎪⎩

1, |ξ | ≤ �,

0, |ξ |> �,
(Constant)

w(ξ ) =

⎧⎪⎨
⎪⎩

1−|ξ |/�, |ξ | ≤ �,

0, |ξ |> �,
(Linear)

w(ξ ) = e−|ξ |/� (Exponential)

w(ξ ) = e−ξ
2/�2

(Gaussian)

c⊥ kl0

ω∞ =: lim
k→+∞

ω⊥ = lim
k→+∞

ω‖ =
√

M∞/ρ
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ν =−0.3

B b(x) = P0δ (x)

u(x) =
[
G‖(x)nx ⊗nx +G⊥(x)Pnx

]
P0

u(x) = uDirac(x)+ucon(x)

P0δ (x)/M∞

ν =−0.3 � �

�



t = 0 t > 0

u(x,0) = 0, u̇(x,0) = 0

b(x, t) = P
Aδ (x)

(
1−2π f 2

pt2)e−π f 2
pt2
, t > 0

fp A P

u(x, t) =

t∫
0

P
(

1−2π f 2
p (t − t̂)2

)
e−π f 2

p (t−t̂)2

Aρ
G(x, t̂)dt̂

X =
x
l0
, T =

c0t
l0

c0 =
√

E/ρ l0 =
√

A E h = fpl0/c0

U (X ,T ) =
El0
P

u(l0X , l0T/c0)

=

T∫
0

(
1−2πh2 (T − T̂

)2
)

e−πh2(T−T̂)
2

G̃
(
X , T̂

)
dT̂

G̃(X ,T )

G̃(X ,T ) =
1
π

+∞∫
0

cos k̃X
sin

(
ω̃
(
k̃
)

T
)

ω̃
(
k̃
) dk̃

ω̃
(
k̃
)

ω̃
(
k̃
)
=
ω
(
k̃/l0

)
c0/l0

ω̃
(
k̃
)
= k̃

U (X ,T ) =
1
2

T∫
|X |

(
1−2πh2 (T − T̂

)2
)

e−πh2(T−T̂)
2

dT̂

h = 2

γ0 = �/l0 T = 1

X = 1

X = 0.05 T = 1.25



γ0 γ0 → 0
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T = 1 X = 1

B x

ρcvṪ (x, t) =
∫
B fT (x′,x, t)dVx′ +qb(x, t) t > 0, x ∈ B

Ṫ (x, t) t x ρ cv fT

fT (x′,x, t) = Ks (ξ )
[
T
(
x′, t

)−T (x, t)
]

ξ = |x′ −x| Ks (ξ )

κi
∂T (x,t)
∂ni

+hiT (x, t) = gi (x, t) , t > 0, x ∈ Si, i = 1,2, ...,s

κi hi Si i s

gi (x, t) κi = 0



hi = 0

N ( fT )+hiT (x, t) = gi (x, t) , t > 0,x ∈ Γi, i = 1,2, ...,s

N ( fT ) =: −∫
B fT (x′,x, t)dVx′, x ∈ Γi, i = 1,2, ...,s

Γi B B

T (x,0) = T0 (x) , x ∈ B

ρcvĠ(x, t) =
∫
B fG(x′,x, t)dVx′ +δ (x−x∗)δ (t − t∗) , t > t∗, x ∈ B

V. C. N ( fG)+hiG(x, t) = 0, t > t∗, x ∈ Γi, i = 1,2, ...,s

I. C. G(x, t) = 0, t < t∗, x ∈ B
G(x, t) fG(x′,x, t) fT (x′,x, t)

δ G(x, t |x∗, t∗)
B

G(x, t |x∗, t∗) = G(x∗,−t∗ |x,−t)

t > t∗

G(x∗,−t∗ | x,−t)

−ρcv
∂G(x∗,−t∗)

∂ t∗
=

∫
B

fG
(
x′,x∗,−t∗

)
dVx′ +δ (x∗ −x)δ (t − t∗)

t x t∗ x∗

ρcv
∂T (x∗, t∗)

∂ t∗
=

∫
B

fT
(
x′,x∗, t∗

)
dVx′ +qb (x∗, t∗)

T (x∗, t∗) G(x∗,−t∗)

ρcv
∂
∂ t∗

(GT ) = G
∫
B

fT dVx′ −T
∫
B

fGdVx′ +Gqb (x∗, t∗)−Tδ (x∗ −x)δ (t − t∗)



x∗ t∗ T (x∗, t∗) G(x∗,−t∗) T G

G =: G(x∗,−t∗) = G(x∗,−t∗ |x,−t) = G(x, t |x∗, t∗) x∗

B t∗ [0, t + ε] ε

ρcv

∫
B
(GT ) |t+ε0 dVx∗ =

∫ t+ε

0

∫
B

(
G
∫
B

fT dVx′ −T
∫
B

fGdVx′

)
dVx∗dt∗

+

∫ t+ε

0
dt∗

∫
B

Gqb (x∗, t∗)dVx∗ −T (x, t)

∫
B

(
G
∫
B

fT dVx′ −T
∫
B

fGdVx′

)
dVx∗ =

∫
Γ

[GN ( fT )−TN ( fG)]dVx∗

=
s∑

i=1

∫
Γi

[GN ( fT )−TN ( fG)]dVi

t + ε > t

G(x, t | x∗, t + ε) = 0

(GT ) |t+ε0 =−(GT ) |t∗=0 =−G |t∗=0 T0 (x∗)

ε → 0

T (x, t) =ρcv

∫
B

G |t∗=0 T0 (x∗)dVx∗ +

∫ t

0
dt∗

∫
B

Gqb (x∗, t∗)dVx∗

+

∫ t

0
dt∗

s∑
i=1

∫
Γi

[GN ( fT )−TN ( fG)]dVi

G = G(x, t |x∗, t∗) G |t∗=0 = G(x, t |x∗,0)
GN ( fT )−TN ( fG) = G |Γi

gi (x∗, t∗)

G |Γi
Γi

T (x, t) =ρcv

∫
B

G |t∗=0 T0 (x∗)dVx∗ +

∫ t

0
dt∗

∫
B

G(x, t |x∗, t∗)qb (x∗, t∗)dVx∗

+

∫ t

0
dt∗

s∑
i=1

∫
Γi

G |Γi
gi (x∗, t∗)dVi

∫
B fT dVx′ +qb(x) = 0 x ∈ B

B. C. N ( fT )+hiT = gi (x) , x ∈ Γi, i = 1,2, ...,s



∫
B fGdVx′ +δ (x−x∗) = 0 x ∈ B

B. C. N ( fG)+hiG = 0, x ∈ Γi, i = 1,2, ...,s

T (x) =
∫
B

G(x |x∗)qb (x∗)dVx∗ +
s∑

i=1

∫
Γi

G |Γi
gi (x∗)dVi

s = 0

B

ρcvĠ(x, t) =
∫
B fG (x′,x, t)dVx′ +Δ(x, t) , t > t∗

I. C. G(x) = 0, t < t∗

fG = Ks (ξ ) [G(x′, t)−G(x, t)] Δ(x, t) = δ (x−x∗)δ (t − t∗)

ρcv
˙̄G(k, t)+M (k) Ḡ(k, t) = Δ̄(k, t) t > t∗

I. C. G(k) = 0, t < t∗

M (k) =

∫
B

Ks (ξ )
(

1− eik ξ
)

dVξ

ξ = x′ − x Ks (ξ ) ξ

M (k) =

∫
B

Ks (ξ )(1− cosk ξ)dVξ = 4π
∫ l

0
Ks (ξ )B(kξ )ξ 2dξ

B(kξ ) = 1− sin(kξ )
kξ k = |k|



t

Ḡ(k, t) =
1
ρcv

∫ t

0
Δ̄(k, t̂)e−M(k)(t−t̂)/ρcvdt̂

G(x, t) =
1
ρcv

∫ t

0

∫
R3
Δ(x− x̂, t − t̂)F (x̂, t̂)dVx̂dt̂

F (x̂, t̂) = F−1
{

e−M(k)t̂/ρcv
}

t > t∗ Δ(x, t) = δ (x−x∗)δ (t − t∗)

G(x, t |x∗, t∗) = 1
ρcv

F (x−x∗, t − t∗)

=
1

(2π)3ρcv

∫
R3

eik (x−x∗) e−M(k)(t−t∗)/ρcvdVk

=
1

2π2ρcv

∫ +∞

0

k sin(kr)
r

e−M(k)(t−t∗)/ρcvdk

r = |x−x∗| t < t∗ G(x, t |x∗, t∗) = 0

G(x, t |x∗, t∗) = 1

(2π)2ρcv

∫
R2

eik (x−x∗) e−M(k)(t−t∗)/ρcvdAk

=
1

2πρcv

∫ +∞

0
kJ0 (kr) e−M(k)(t−t∗)/ρcvdk

M (k) =

∫
B

Ks (ξ )(1− cosk ξ)dAξ = 2π
∫ l

0
Ks (ξ )B(kξ )ξdξ

B(kξ ) = 1− J0 (kξ ) J0 (kξ )

G(x, t |x∗, t∗) = 1
πρcv

∫ +∞

0
cos(kr) e−M(k)(t−t∗)/ρcvdk

M (k) =
∫
B

Ks (ξ )(1− coskξ )dξ = 2
∫ l

0
Ks (ξ )(1− coskξ )dξ

∫
B

fG
(
x′,x

)
dVx′ +Δ(x) = 0,

Δ(x) = δ (x−x∗) x

M (k) Ḡ(k) = Δ̄(k)



G(x |x∗) =
∫
R3
Δ(x− x̂)F−1

{
1

M (k)

}
dVx̂

=
1

(2π)3

∫
R3

eik (x−x∗) 1
M (k)

dVk

=
1

2π2

∫ +∞

0

k sin(kr)
r

1
M (k)

dk

G(x |x∗) = lim
t→+∞

∫ t

0
G(x, t |x∗, t∗)dt∗

∫ t
0 dt∗

ρcv
∂
∂ t

∫ t
0 G(x, t)dt∗ =

∫
Hx

∫ t
0 fGdt∗dVx′ +δ (x−x∗) , t > t∗, x ∈ B

B. C. N (
∫ t

0 fGdt∗)+hi
∫ t

0 Gdt∗ = 0, t > t∗, x ∈ Γi, i = 1,2, ...,s

I. C.
∫ t

0 Gdt∗ = 0, t < t∗,x ∈ B
G∗ (x, t) :=

∫ t
0 Gdt∗ =

∫ t
0 G(x, t)dt∗ =

∫ t
0 G(x, t|x∗, t∗)dt∗

ρcvĠ∗ (x, t) =
∫
B fG∗ (x∗,x, t)dVx′ +δ (x−x∗) , t > t∗, x ∈ B

V. C. N ( fG∗)+hiG∗ (x, t) = 0, t > t∗, x ∈ Γi, i = 1,2, ...,s

I. C. G∗ (x, t) = 0, t < t∗, x ∈ B
hi

G∗ (x, t) = Gs (x)+Gus (x, t)

Gs (x) ∫
B fGs (x′)dVx′ +δ (x−x∗) = 0, x ∈ B

V. C. N ( fGs)+hiGs (x) = 0, x ∈ Γi, i = 1,2, ...,s

Gus (x, t)

ρcvĠus (x, t) =
∫
B fGus (x′,x, t)dVx′, t > t∗, x ∈ B

V. C. N ( fGus)+hiGus (x, t) = 0, t > t∗, x ∈ Γi, i = 1,2, ...,s

I. C. Gus (x, t) =−Gs (x) , t < t∗, x ∈ B



t → ∞

lim
t→∞

G∗ (x, t) = lim
t→∞

[Gs (x)+Gus (x, t)] = Gs (x)

G(x |x∗) = δ (x−x∗)
M∞

+
1

2π2

∫ +∞

0

k sin(kr)
r

(
1

M (k)
− 1

M∞

)
dk

M∞ = 4π
∫ l

0 Ks (ξ )ξ 2dξ

G(x |x∗) =− ln(r)
2πκ

+
δ (x−x∗)

M∞
+

1
2π

∫ +∞

0
kJ0 (kr)

(
1

M (k)
− 1

M∞
− 1
κk2

)
dk

M∞ = 2π
∫ l

0 Ks (ξ )ξdξ

G(x |x∗) =− |r|
2κ

+
δ (x− x∗)

M∞
+

1
π

∫ +∞

0
cos(kr)

(
1

M (k)
− 1

M∞
− 1
κk2

)
dk

M∞ = 2
∫ l

0 Ks (ξ )dξ

T (x,0) = Tc

qb(x, t) =
2Q
πR2 exp

(−2|x|2
R2

)

Q R

Ks(ξ ) =
12κ
πl3

1
ξ

x̃ =
x
R
, T̃ =

T −Tc

Tc
, t̃ =

κt
ρcvR2

T̃ (x̃, t̃)
Q/Tcκ

= 2
∫ +∞

0

∫ ∞

0
k̃
(

1− e−M̃t̃
)

J0(k̃r̃)e−2r̃∗2
r̃∗dr̃∗dk̃

r̃ = |x̃− x̃∗| r̃∗ = |x̃∗|
l̃ = �/R l̃ = 1

t̃ = 10 ỹ = 0
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t̃ = 10 �/R = 1 ỹ = 0.5

k = 0

k → ∞







d n

x = nd n = 0,±1,±2, . . . n t

un(t)

w(u)



m N

n κm md n+m

m =±1,±2, . . .±N F w(u)

w u = 0 u = d

n
N∑

m=1

κm
[
un+m(t)−2un(t)+un−m(t)

]
+F−w′(un(t)

)
=mün(t), n = 0,±1, . . .

un(t) = u(x, t), x = nd

u(x, t) R×R
+

N∑
m=1

κm
u(x+md, t)−2u(x, t)+u(x−md, t)

d2 +F−w′(u(x, t)
)
= ρutt(x, t)

ρ =m/d3,κm = κm/d,F= F/d3 w = w/d3

w

w(ξ ) =

⎧⎪⎨
⎪⎩
μ
2

u2, u ≤ u∗
μ
2
(u−d)2 +μ

(
u∗ − 1

2
d
)

d, u ≥ u∗

μ u∗ w u = 0 u = d u = u∗
u∗ u∗

� f = f (u) = w′(u)

f (u) = w′(u) =

⎧⎪⎨
⎪⎩
μu, u < u∗

μ(u−d), u > u∗

fm fM f0

fm := f (u+∗ ) = μ(u∗ −d), fM := f (u−∗ ) = μu∗, f0 :=
1
2
( fm + fM) = μ

(
u∗ − d

2

)

fM fm

f0 f0

f0 u∗
u(x, t) = u u

� F f = w′ fm fM f0
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f u

w′(u) = F

fm < F< fM

u±

u+ :=
F

μ
, u− :=

F

μ
+d

u+ u− F

u±

u+ < u∗ < u−

n t < nτ τ

t = nτ t > nτ

un(t)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
< u∗, t < nτ

= u∗, t = nτ

> u∗, t > nτ

(n+1) t = (n+1)τ



un(t) = un+m(t +mτ) ∀n,m = 0,±1,±2, . . .

m =−n un(t) = u0(t −nτ) = u0(t −nd/c) c = d/τ

un(t) = u(z) z = nd − ct

n → +∞ un(t) → u+

z →+∞ u(z)→ u+

u

Euxx +F−w′(u) = ρutt , E =
N∑

m=1

m2κm

u = u(z)

z = x−ct z = 0 u(z)

u(z) u′(z)

u(z)→ u+ z →+∞

c < c0 c0 =
√

E/ρ

u(z) =

⎧⎪⎨
⎪⎩

u++
u−−u+

2
e−β0z, z ≥ 0,

u−− u−−u+

2
eβ0z, z ≤ 0,

β0 =

√
μ

(c2
0 − c2)

> 0

F= f0, 0 < c < c0

f0

c > c0

u(z) =

⎧⎪⎨
⎪⎩

u+, z ≥ 0,

u−− (u−−u+)cosα0z, z ≤ 0,
α0 =

√
μ

(c2 − c2
0)

> 0

F= fM, c > c0

fM
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F

c/c0

F f0

x+ξ x

C(ξ )
[
u(x+ξ , t)−u(x, t)

]

∫ ∞

−∞
C(ξ )

[
u(x+ξ , t)−u(x, t)

]
dξ + F−w′(u(x, t)

)
= ρutt

C(ξ ) C (i)

C(ξ ) =−C(−ξ ) (ii) ξ →±∞ C(ξ )→ 0 (iii) �→ 0

C(ξ )

C(x) |x|< �

|x|> � � > 0 �



C(x) =
E

2�3 e−|x|/�

E > 0 � > 0

CD(x) =
N∑

m=1

κm

d2

[
δ (x−md)+δ (x+md)

]
δ

u(x, t) = ei(kx−ωt) F w′(u)

ρω2 =

∫ ∞

−∞
CD(ξ )

(
1− coskξ

)
dξ =

N∑
m=1

2
κm

d2

(
1− cosmkd

)

PD ρω2 =

∫ ∞

−∞
C(ξ )

(
1− coskξ

)
dξ =

E
d2

(kd)2

1+(kd)2 �2/d2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

E �

1 2 kd → 0

E =
N∑

m=1

m2κm

kd → ∞ 2

ω2d2

c2
0

→ d2

�2

�/d κm = κ/m N = 3 E = κN(N + 1) 1 2

ω2d2/c2
0 kd �/d

�/d

M(k)

M(k) :=
∫ ∞

−∞
C(ξ )

[
1− e−ikξ ]dξ =

∫ ∞

−∞
C(ξ )

[
1− coskξ

]
dξ

C(ξ ) M(k)

2
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N = 3 �/d

M(k) = E
k2

1+ k2�2

u(x, t) = u(x)∫ ∞

−∞
C(ξ )

[
u(x+ξ )−u(x)

]
dξ + F−w′(u(x)) = 0

x

u(x) = u F u+ = F/μ

u− = F/μ+d

x > 0 x < 0

u(x)→ u± x →±∞
u(x)

u(x)

⎧⎪⎨
⎪⎩

< u∗, x > 0

> u∗, x < 0

H(u(x)−u∗) = H(−x) H(x)

w′(u(x)) = μu(x)−μd H(−x)



∫ ∞

−∞
C(ξ )

[
u(x+ξ )−u(x)

]
dξ −μu(x) = −μu−−μ(u+−u−)H(x)

F u(x)

u±

w′(u(x)) x = 0

u(x) x = 0 u x = 0

x =+ε > 0 x =−ε < 0 ε → 0

−[[u]]
∫ ∞

−∞
C(ξ )dξ −μ[[u]] =−μ(u+−u−)

[[g]] g(x) x = 0

[[g]] := lim
ε→0

{g(+ε)−g(−ε)}

u x = 0

[[u]] =− μd
μ+

∫ ∞
−∞C(ξ )dξ

[[u]] =−d
β

1+β
, β :=

μ�2

E

u(x) =
u++u−

2
+
μd
2πi

∫ +∞

−∞
e−ikx

kL(k)
dk

L(k) = M(k)+μ =
μd2

b2(k2�2 +1)

(
k2 +

b2

d2

)

b :=
d
�

1√
1+1/β

k = 0

L(k) Γ k



ε k = 0 Sε � k

Γ Sε ε → 0 Sε
ε → 0 −d/2

u(x) = u−+
μd
2πi

∫
Γ

e−ikx

kL(k)
dk

Γ x > 0 x < 0

u(x) =

⎧⎪⎪⎨
⎪⎪⎩

u++
d
2

1
1+β

e−bx/d, x > 0

u−− d
2

1
1+β

ebx/d, x < 0

β b

u(0+) = u++
d
2

1
1+β

, u(0−) = u−− d
2

1
1+β

u(0+)< u∗ < u(0−)

u(0+)< u∗ < u(0−) F

f0 − μd
2

1
1+1/β

< F< f0 +
μd
2

1
1+1/β

f0 3 fM

fm ( fm, fM)

f0

���������	��
����

��
����

��
���

�
������

� �� �

�

� �� �

k x < 0

�



c

u(x, t) = u(z) z = x− ct

ρc2u′′(z)−
∫ ∞

−∞
C(ξ )

[
u(z+ξ )−u(z)

]
dξ +w′(u(z)

)
= F

u(z)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

< u∗, z > 0

= u∗, z = 0

> u∗, z < 0

w′(u(z)) z = 0 u′′(z) z = 0 u

u′ u(0) = u∗
u′′ ρc2[[u′′]]+ [[w′(u)]] = 0

[[u′′]] =− [[w′(u)]]
ρc2 =− μd

ρc2

1

u(z)→ u+ =
F

μ
z →+∞

z →−∞ 3

u− u−

ρc2u′′(z)−∫ ∞
−∞C(ξ )

[
u(z+ξ )−u(z)

]
dξ +μu(z) = μu++μ(u+−u−)H(z)

u(z) =
u++u−

2
+
μd
2πi

∫ +∞

−∞
e−ikz

kL(k)
dk



L(k) = M(k)+μ−ρc2k2 =− μd4

r2b2 (k2�2 +1)

(
k2 − r2

d2

)(
k2 +

b2

d2

)

r > 0 b > 0

r =
d

�
√

2
1
v

[(
1− v2 +β

)
+

√
(1− v2 +β )2

+4β v2
]1/2

b =
d

�
√

2
1
v

[
−(

1− v2 +β
)
+

√
(1− v2 +β )2

+4β v2
]1/2

v

v :=
c
c0

u(z) =
u++u−

2
− r2b2

d3
1

2πi

∫ +∞

−∞
1+ k2�2

k(k2 − r2/d2)(k2 +b2/d2)
e−ikz dk

Γ

k

cosrz/d sinrz/d

z →+∞ z →+∞

z →−∞ z < 0

u(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u++
d
2

1
b2 + r2

(
r2 − βd2

v2�2

)
e−bz/d, z ≥ 0

u−− d
2

1
b2 + r2

(
r2 − βd2

v2�2

)
ebz/d − d

b2 + r2

(
b2 +

βd2

v2�2

)
cos

(rz
d

)
, z ≤ 0

u,u′ u′′′ z = 0 u′′

u(0) = u∗ u(0) = u∗

u(z) =

⎧⎪⎨
⎪⎩

u++(u∗ −u+)e−bz/d, z ≥ 0

u−− (u∗ −u+)ebz/d − (u++u−−2u∗) cos
(rz

d

)
, z ≤ 0

F= fM F= f0

[[u]] = 0, [[u′]] = 0, [[u′′′]] = 0 u(0) = u∗
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k

u(z) z = 0 u(0) = u∗

2 F v

F= f0 +
μd

2(b2 + r2)

(
b2 +

βd2

�2v2

)

r b v

F= f0 +
μd
4

⎛
⎝1− 1− v2 −β√

(1− v2 +β )2
+4β v2

⎞
⎠

F v � F> f0

(F− f0)v ≥ 0 β = μ�2/E

β

d � β → ∞

F→ fM � d

β → 0 v < 1 F→ f0 v > 1 F→ fM

β v → ∞ F→ fM

v = 0

�
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β = �2μ/E (F− f0)/μd v = c/c0

Fmin

Fmin = f0 +
μd
2

1
1+1/β

F F< Fmin

Fmin Fmin > f0

f0 Fmin

v → 0

z = 0

z = 0 v �

v

u(z)≈

⎧⎪⎪⎨
⎪⎪⎩

u++
d
2

1
1+β

e−bz/d, z > 0

u−− d
2

1
1+β

ebz/d −d
β

1+β
cos

(rz
d

)
, z < 0

r d

r ≈ d
�

√
1+β
v

, b ≈ d
�

1√
1+1/β

2 v

� 2 1 z u(z) v → 0



v > 0 v

z = 0 v → 0

x = 0 [[u]]

F F≈ Fmin

�= d/
√

12

�

�= d/
√

12

M(k) C(x)

C(x) M(k) M(k)

C(x)

M(k) M(k)

M(k)

C(x)

∫ ∞

−∞
C(ξ )

[
u(x+ξ , t)−u(x, t)

]
dξ + b(u) = ρutt

b(u) F−w′(u) b(u,ux)

ux

b = b(u) F{g}



g(x, t)

G(k, t) =F{g}= 1
2π

∫ ∞

−∞
g(x, t)eikx dx, g(x, t) =F−1{G}=

∫ ∞

−∞
G(k, t)e−ikx dk

−M(k)F{u}+ F
{

b(u)−ρutt
}
= 0

M(k)

M(k) =
∫ ∞

−∞
C(ξ )

[
1− eikξ ]dξ

C(x) M(k)

M(k) C(x) u(x)∫ ∞

−∞
δ (ξ )[u(x+ξ )−u(x)]dξ = 0

C δ

M(k) δ

C C

M(k) k → ∞ M∞

M∞ :=
∫ ∞

−∞
C(ξ )dξ

M(k)−M∞ =−
∫ ∞

−∞
C(ξ )eikξ dξ

−C(k) M(k)−M∞

C(x) =− 1
2π

∫ ∞

−∞
(M(k)−M∞)e−ikx dk

M C

k → ∞ M(k)→ ∞
M(k)
k2n →m∞

m∞ n ≥ 1

C

C (x)

C (x) := −(−1)n

2π

∫ ∞

−∞

(
M(k)
k2n −m∞

)
e−ikx dk− (−1)nm∞δ (x)



C(x) = C (2n)(x)

C (2n) C 2n n = 0 δ

δ δ

n = 0

C

L1uxx +L2[b(u)−ρutt ] = 0

L1 L2

L1 =

m1∑
n=1

a2n−2
∂ 2n−2

∂x2n−2 , L2 =

m2∑
n=1

b2n−2
∂ 2n−2

∂x2n−2

ai bi m1,m2 ≥ 1 g

F

{
∂ ng
∂xn

}
= (−ik)nF{g}

q(k)F{u}+ p(k)F{b(u)−ρutt}= 0

q(k) p(k)

q(k) =
m1∑

n=1

a2n−2(−1)nk2n, p(k) =
m2∑

n=1

b2n−2(−1)n−1k2n−2

M(k) =−q(k)
p(k)

q(k) p(k)

k → +∞ M(k)

C(x) q(k) p(k)



b(u)

u(x, t)

E
u(x+d, t)−2u(x, t)+u(x−d, t)

d2 +b(u) = ρutt(x, t)

E = κ1 b(u) = F−w′(u) t u(x±d, t)

u(x±d, t) =
∞∑

n=0

(±d)n

n!
∂ n

∂xn u(x, t)

�

ELuxx +b(u) = ρutt

L

L=
∞∑

n=1

2
d2n−2

(2n)!
∂ 2n−2

∂x2n−2 = 1+
d2

12
∂ 2

∂x2 + . . .

L
Euxx +b(u) = ρutt

L

Ed2

12
uxxxx +Euxx +b(u) = ρutt

uxxxx

Euxx +L−1 [b(u)−ρutt ] = 0

L−1 =

m∑
n=1

c2n−2
∂ 2n−2

∂x2n−2 = 1− d2

12
∂ 2

∂x2 +
d4

240
∂ 4

∂x4 + . . .

L−1

ρd2

12
uxxtt +Euxx −ρutt +b(u)− d2

12
∂ 2

∂x2 [b(u)] = 0

u x

uxxtt
1
2u2

xt uxxtt

�



m1 = 1 m2 = 2 a0 = E b0 = 1 b2 =−d2/12

q(k) p(k) M(k)

q(k) =−Ek2, p(k) = 1+
d2

12
k2, M(k) =−q(k)

p(k)
=

Ek2

1+d2k2/12
, M∞ =

12E
d2

C(x) =− 1
2π

∫ ∞

−∞

(
Ek2

1+ k2d2/12
− 12E

d2

)
e−ikx dk

δ

C(x) =
12
√

3E
d3 e−

√
12|x|/d

� = d/
√

12

m1 = 2 m2 = 1 a0 = E a2 = Ed2/12 b0 = 1

p(k) q(k)

q(k) =−Ek2 +
Ed2

12
k4, p(k) = 1

M(k) =−q(k)/p(k) k → ∞ M(k)/k4 → m∞

n = 2 m∞ =−Ed2/12

C (x) = − 1
2π

∫ ∞

−∞
E
k2 e−ikx dk+

Ed2

12
δ (x) = E|x|+ Ed2

12
δ (x)

C(x) = C ′′′′(x) = Eδ ′′(x)+
Ed2

12
δ ′′′′(x)

′ x



x̂ t̂

ρ ¨̂u(x̂− t̂) =
∫
Hx̂

C
(
x̂′, x̂

)[
u
(
x̂′, t̂

)−u(x̂, t̂)
]

dx̂′+b(x̂, t̂)

Hx̂ x̂ x̂ � x̂′ ∈ Hx̂

C (x̂′, x̂)

C
(
x̂′ − x̂

)
=

⎧⎨
⎩

3E
�̂3 , |x̂′ − x̂| ≤ �̂

0, |x̂′ − x̂|> �̂

x :=
x̂
�0
, � :=

�̂

�0
, t :=

cLt̂
�0

, cL :=

√
E
ρ
, u(x, t) :=

û(x̂, t̂)
U

U û cL �0

�0 =
√

A A

ü j =
∑

p

C̃
(
x j+p − x j

)(
u j+p −u j

)
Δx

x j x j+p

x j+p x j p =±1,±2, ...,±m m = �/Δx

p C̃
(
x j+p − x j

)
C̃p

C̃p := C̃
(
x j+p − x j

)
=

C
(
x̂ j+p − x̂ j

)
�3

E

u j = ei(ωt+ jξΔx)

ω ξ i =
√−1

ω =

√√√√∑
p

2�C̃p

m
sin2

(
�pξ
2m

)

ω =

√√√√∑
p

6
m�2 sin2

(
�pξ
2m

)
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�

�

�

ω =

√
6
�2

(
1− sin�ξ

�ξ

)

m � m → ∞

m = 2,3,5,20

2mπ m

lim
m→∞

√√√√∑
p

6
m�2 sin2

(
�pξ
2m

)
= lim

m→∞

√√√√√ 6
�2

⎛
⎝1− 1

m

sin
(

2m+1
2

�ξ
m

)
− sin

(
�ξ
2m

)
2sin

(
�ξ
2m

)
⎞
⎠

=

√
6
�2

(
1− sin�ξ

�ξ

)

� �→ 0 m �

�→ 0

lim
�→0

√√√√∑
p

6
m�2 sin2

(
�pξ
2m

)
= lim

�→0

√√√√∑
p

6
m�2

(
�pξ
2m

)2

=

√
(m+1)(2m+1)

2m2 ξ

m → ∞ ω = ξ

(�m) �→ 0 m �



(
x0, ...,x−(m−1)

)
(x1, ...,xm)

lim
�→0,m→∞

√√√√∑
p

6
m�2 sin2

(
�pξ
2m

)
= lim

�→0

√
6
�2

(
1− sin�ξ

�ξ

)
= ξ

(�m)

x0 x−(m−1)

� x1 xm

m

(
∂
∂ t

− ∂
∂x

)
u = 0



x0

c0u̇0 +

N∑
j=1

c ju̇ j −
⎛
⎝b0u0 +

N∑
j=1

b ju j

⎞
⎠= 0

c0 c j b0 b j N

x0, ...,x−(m−1)

x0 x0

x−1

c0 c j b0 b j

Δ(ξ ) := iω (ξ )
N∑

j=0

c jei jξΔx −
N∑

j=0

b jei jξΔx = 0

Δ(ξ ) ξ

c j b j c j b j

ξ → 0+

x0

c0 c j b0 b j

Δ(ξ ) = o
(
ξM)

M Δ(ξ ) ξ

dnΔ(ξ )
dξ n

∣∣∣∣
ξ=0

= 0, n = 0,1,2, · · · ,M



M = 2N 2N +1 2N +1 c0 = 1

N ξ < 1 N

N = 1

c0 = c1 = 1, b0 =−b1 =−2

√√√√ �

m

m∑
p=1

p2C̃p

Δx = m = 1, C̃p = 1 b0 =−b1 =−2

x0

x−1

cqu̇q +

N+q∑
j=q+1

c ju̇ j −
⎛
⎝bquq +

N+q∑
j=q+1

b ju j

⎞
⎠= 0, q = 0,−1, · · · ,−(m−1)

u̇q =−2

√√√√ �

m

m∑
p=1

p2C̃p
(
uq −uq+1

)− u̇q+1, q = 0,−1, · · · ,−(m−1)

�

c0 c1 c2 c3 b0 b1 b2 b3

−2a1 2a1

A1 −A2 A2

A3 A3 −A4 −A5 A5 A4

0,ξ2, · · · ,ξN

ξk Δ(ξk) = 0 Δ(ξk) = 0

� A1 =
4(a1+3a3)

a1−6a3
A2 =

3a2
1

a1−6a3
A3 = 9+ 120(a3+10a5)

a1−120a5
A4 = 2a1 +

5(a1+12a3)
3(a1−120a5)

A5 = −6a1 +

15a2
1+120a1a3−720a2

3
a1−120a5

a1 =

√
�
m

m∑
p=1

p2C̃p a3 =− �
4!ma1

m∑
p=1

p4C̃p a5 =
�

6!ma1

m∑
p=1

p6C̃p − a2
3

2a1



⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ω(ξk)

N∑
j=0

c j sin( jξkΔx)+
N∑

j=0
b j cos( jξkΔx) = 0

ω(ξk)
N∑

j=0
c j cos( jξk�x)−

N∑
j=0

b j sin( jξkΔx) = 0

p > 1 (2N +1−3)/2 = N −1

0,ξ2, · · · ,ξN N = 2 ξN = ξ2 = π π

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

a0 a0 a0 −1 −1 −1

a1 a1 +a0 a1 +2a0 0 −1 −2

a2 a2 +a1 +a0/2 a2 +2a1 +2a0 0 −1/2 −2

0 ω(π)sin(πΔx) ω(π)sin(2πΔx) 1 cos(πΔx) cos(2πΔx)

ω(π) ω(π)cos(πΔx) ω(π)cos(2πΔx) 0 −sin(πΔx) −sin(2πΔx)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

c0

c1

c2

b0

b1

b2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

0

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

a1 =

√
�
m

m∑
p=1

p2C̃p, a0 = a2 = 0 ω(π)

c0 = c2 = 1, c1 =
2a1

ω(π)−a1
, b0 =−b2 =− a1ω(π)

ω(π)−a1
, b1 = 0

π

u̇q =− a1ω(π)
ω(π)−a1

(uq −uq+2)− 2a1

ω(π)−a1
u̇q+1 − u̇q+2, q = 0,−1, ...,−(m−1)

N 0,ξ2, · · · ,ξN

u j(t) = ei(ω(ξ )t+ jξΔx) +α(ξ )ei(ω(ξ )t− jξΔx)
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m = 2 �= 1

α(ξ )

α(ξ ) =− Δ(ξ )
Δ(−ξ )

� = 1 m

m ξ

m = 2 � = 1 π

N

π N



u(x,0) = e−x2
, u̇(x,0) = 0

C
(
x̂′ − x̂

)
=

4E
�̂3
√
π

e−[(x̂′−x̂)/�̂]2

u(x, t) =
1√
π

∫ ∞

0
cos(kx)e−k2/4 cos

⎛
⎝t

√
1− e−k2�2/4

�2/4

⎞
⎠dk

�→ 0

lim
�→0

u(x, t) =
1
2

(
e−(x−t)2

+ e−(x+t)2
)

x ∈ [−10,10]

�= 0.25 ⎧⎨
⎩ un+1

j = un
j + u̇n

jΔt + ün
j
(Δt)2

2

u̇n+1
j = u̇n

j +
Δt
2

(
ün

j + ün+1
j

)
n n Δt = 0.001

un+1
j = un

j +
Δt
2

(
u̇n

j + u̇n+1
j

)

x0
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t = 5
t = 10 t = 15
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x0

t = 30

t = 12

C
(
x̂′ − x̂

)
=

⎧⎨
⎩

6E
�̂3

(
�̂

|x̂′−x̂| −1
)

|x̂′ − x̂| ≤ �̂

0 |x̂′ − x̂|> �̂

�

r = 3�

r r/Δx = 3m

x0

|Aex −Anum|
Aex

A � (�m)

� m = 7 � = 1/2,1/4,1/8,1/16

�
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�

(�m)

(�m) m = 7,14,28,56 � = 1/2,2/5,1/3,1/4

m

ü j = f j =
∑

p

f
(
u j+p −u j,x j+p − x j

)
Δx

f

x0



ü0 = H2
Q

∑
p

C̃ (xp − x0)(up −u0)Δx

HQ

HQ =

√
fQ/

∑
p

C̃
(
xQ+p − xQ

)(
uQ+p −uQ

)
Δx

Q = 1 Q x0

Q x1

x1 Q = 1

HQ

x0

c0u̇0 +

N∑
j=1

c ju̇ j −HQ

⎛
⎝b0u0 +

N∑
j=1

b ju j

⎞
⎠= 0

c j b j

u̇q =−2HQ

√√√√ �

m

m∑
p=1

p2C̃p
(
uq −uq+1

)− u̇q+1, q = 0,−1, · · · ,−(m−1)

β

f j =
∑

p

Ĉp

[(
u j+p −u j

)
+K

(
u j+p −u j

)3
]

K C̃p �= 0.25

x0

K = 1,2,3 K = 1,3,5

t = 30
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x0

u j = uIn
j +uOut

j , u̇ j = u̇In
j + u̇Out

j

In Out x−(m−1)

x0

cqu̇Out
q =−

N+q∑
j=q+1

c ju̇Out
j +

⎛
⎝bquOut

q +

N+q∑
j=q+1

b juOut
j

⎞
⎠

q = 0,−1, · · · ,−(m−1)

cqu̇q =−
N+q∑

j=q+1

c ju̇ j +

⎛
⎝bquq +

N+q∑
j=q+1

b ju j

⎞
⎠+F In

q
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F In
q = cqu̇In

q +

N+q∑
j=q+1

c ju̇In
j −

⎛
⎝bquIn

q +

N+q∑
j=q+1

b juIn
j

⎞
⎠

cq c j bq b j

x ∈ [−10,10]

u(x) = 2e−(x/10)2
[
1+0.3cos

(πx
6

)]
, u̇(x) = 0

u(x, t) = 0.1cos(ωt +ξx)

ξ ω � = 0.4

m = 2 ξ = 2π/25 ω = 2.73

t = 7

0.1
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xd

2.31 2π/ω

x ∈ [−10,10]

0.2 μ0

Cd = ϕ
(
x̂′, x̂

)
C
(
x̂′ − x̂

)
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μ0

C (x̂′ − x̂) �= 0.25 ϕ (x̂′, x̂)

ϕ
(
x̂′, x̂

)
=

⎧⎨
⎩ μ0 |x̂d − x̂|� |x̂′ − x̂|

1

xd

u(x) = e−(x−4)2
, u̇(x) = 0

xd μ0

μ0 = 0.5 xd

xd =−4 μ

μ μ



μ μ

[−10,10] E ′ = βcE E ′

E

ρ βc < 1 Ssoft Shard

�̂

Ccom =

⎧⎨
⎩ C (x̂′ − x̂) x̂′ ∈ Shard x̂ ∈ Shard

βcC (x̂′ − x̂)

C (x̂′ − x̂) �= 0.25

Ssoft Shard

Δxsoft/Δxhard =
√
βc β

βc = 1

βc < 1 βc

2UIn/(1+
√
βc) UIn βc = 0.5
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βc t = 0



βc

βc

x ∈ [−10,10]

u(0) = (1−2π2 f 2
p(t − tD)2)e−π

2 f 2
p (t−tD)2

, u̇(x) = 0

fp tD fp = 2 tD = 5 �= 0.25

t = 5 t = 15
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